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Abstract. We study spectral properties for Hx ,a, the Krein-von Neumann extension of the perturbed 
Laplacian —A + V defined on Cq°(Q), where V is measurable, bounded and nonnegative, in a bounded 
open set Q C K n belonging to a class of nonsmooth domains which contains all convex domains, along 
with all domains of class C 1,r , r > 1/2. In particular, in the aforementioned context we establish the Weyl 
asymptotic formula 

#{J G N | Ajf,n,j < A} = {27v)- n v n \n\ A"/ 2 + o(A<™-( 1 / 2 »/ 2 ) as A -> oo, 

where v n = 7r n / 2 /r((n/2) + l) denotes the volume of the unit ball in K", and \K,Sl,j< j S N, are the non-zero 
eigenvalues of q, listed in increasing order according to their multiplicities. We prove this formula by 
showing that the perturbed Krcin Laplacian (i.e., the Krein— von Neumann extension of —A + V defined on 
Cq°(Q)) is spectrally equivalent to the buckling of a clamped plate problem, and using an abstract result of 
Kozlov from the mid 1980's. Our work builds on that of Grubb in the early 1980's, who has considered similar 
issues for elliptic operators in smooth domains, and shows that the question posed by Alonso and Simon 
in 1980 pertaining to the validity of the above Weyl asymptotic formula continues to have an affirmative 
answer in this nonsmooth setting. 

We also study certain exterior- type domains f2 = M. n \K, n > 3, with K C R n compact and vanishing 
Bessel capacity i?2,2(^") = 0, to prove equality of Friedrichs and Krcin Laplacians in L 2 (f2; d n x), that is, 
— A|(joo(r>) has a unique nonnegative self-adjoint extension in L 2 (Q; d n x). 
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1. Introduction 

Let — Ar^o be the Dirichlet Laplacian associated with an open set f2 C K n , and denote by Nd : £i(\) the 
corresponding spectral distribution function (i.e., the number of eigenvalues of -Arj^ not exceeding A). 
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The study of the asymptotic behavior of Njj q(X) as A — > oo has been initiated by Weyl in 1911-1913 (cf. 
|172j . |171j . and the references in [173] ). in response to a question posed in 1908 by the physicist Lorentz, 
pertaining to the equipartition of energy in statistical mechanics. When n — 2 and 57 is a bounded domain 
with a piecewise smooth boundary, Weyl has shown that 

Nd,q(X) = + o(A) as A ^ oo, (1.1) 

47T 

along with the three-dimensional analogue of (|1.1[) . In particular, this allowed him to complete a partial 
proof of Rayleigh, going back to 1903. This ground-breaking work has stimulated a great deal of activity in 
the intervening years, in which a large number of authors have provided sharper estimates for the remainder, 
and considered more general elliptic operators equipped with a variety of boundary conditions. For a general 
elliptic differential operator A of order 2m (m G N), with smooth coefficients, acting on a smooth subdomain 
57 of an n-dimensional smooth manifold, spectral asymptotics of the form 



N D , Q (A; A) = (2tt)-" ( f dx f \ n,{2m) + o^"- 1 ^ 2 ™)) as A 



oo, (1.2) 



where a°(cc,£) denotes the principal symbol of A, have then been subsequently established in increasing 
generality (a nice exposition can be found in [B]). At the same time, it has been realized that, as the 
smoothness of the domain 57 and the coefficients of A deteriorate, the degree of detail with which the 
remainder can be described decreases accordingly. Indeed, the smoothness of the boundary of the underlying 
domain 57 affects both the nature of the remainder in (|1.2j) . as well as the types of differential operators 
and boundary conditions for which such an asymptotic formula holds. Understanding this correlation then 
became a central theme of research. For example, in the case of the Laplacian in an arbitrary bounded, open 
subset 57 of R™, Birman and Solomyak have shown in [3B] (see also [37], [35], [35], [JUJ) that the following 
Weyl asymptotic formula holds 

N D>n (X) = (2Tr)- n v n \n\ A" /2 + o(A"/ 2 ) as A -> oo, (1.3) 

where v n denotes the volume of the unit ball in R™, and 57 1 stands for the n-dimensional Euclidean volume 
of 57. On the other hand, it is known that (jl.3|) may fail for the Neumann Laplacian — A^q. Furthermore, 
if a G (0,1) then Netrusov and Safarov have proved that 

57 G Lip Q implies N D , n (\) = (2vr)- ,l w n |57| A" /2 + 0(A("- q >/ 2 ) as A -> oo, (1.4) 

where Lip Q is the class of bounded domains whose boundaries can be locally described by means of graphs of 
functions satisfying a Holder condition of order a; this result is sharp. See |134] where this intriguing result 
(along with others, similar in spirit) has been obtained. Surprising connections between Weyl's asymptotic 
formula and geometric measure theory have been explored in [53], [98], |114] for fractal domains. Collectively, 
this body of work shows that the nature of the Weyl asymptotic formula is intimately related not only to the 
geometrical properties of the domain (as well as the type of boundary conditions), but also to the smoothness 
properties of its boundary (the monograph by Safarov and Vassiliev [150j contains a wealth of information 
on this circle of ideas). 

These considerations are by no means limited to the Laplacian; see [S3] for the case of the Stokes operator, 
and [35], [41] for the case the Maxwell system in nonsmooth domains. However, even in the case of the Laplace 
operator, besides -A^^ and — A^n there is a multitude of other concrete extensions of the Laplacian —A 
on C^°(57) as a nonnegative, self-adjoint operator in L 2 (il;d n x). The smallest (in the operator theoretic 
order sense) such realization has been introduced, in an abstract setting, by M. Krein [110] . Later it was 
realized that in the case where the symmetric operator, whose self-adjoint extensions are sought, has a 
strictly positive lower bound, Krein's construction coincides with one that von Neumann had discussed in 
his seminal paper [166, in 1929. 

For the purpose of this introduction we now briefly recall the construction of the Krein-von Neumann 
extension of appropriate £ 2 (57; ci™a;)-realizations of the differential operator A of order 2m, m G N, 

A= M-)^ Q , (1-5) 

0<|a|<2m 

D a = (-id/dx 1 ) ai ■■•(-id/dx n ) a ", a = (ai,...,a„) G (1.6) 

a a Oer(n), c°°(n) = f| c k (H), (1.7) 

feGN 
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where S7 C K." is a bounded C°° domain. Introducing the particular L 2 (Vt\ ePa^-rcalization A c q of A defined 

by 

A c , u u =Au, u£ dom(A c , n ) := C °°(S1), (1.8) 
we assume the coefficients a a in A are chosen such that A c q is symmetric, 

(u,A C:n v) L 2 {n . dnx) = (A c ^u,v) L 2 {n . dnx} , u,v e C£°(S1), (1.9) 
has a (strictly) positive lower bound, that is, there exists kq > such that 

{u, A Ct nu) L2{n . d n x) > «o IMIiafliitf.*). ueC °°(Sl), (1.10) 
and is strongly elliptic, that is, there exists K\ > such that 

o°(a,0 :=Rc ( a a {x)Cj > «i |£| 2m , a; € 0, £ e R". (1.11) 

^|a|=2m ' 

Next, let A m i ny Q and A ma2; .si be the L 2 (Vt\ <i ra :r)-realizations of A with domains (cf. [5J, [9"2"] ) 

dom(^ min ,n) := i^ m (fi), (1-12) 

dom(A ma;Ci a) := {u E L 2 d n x) \ Au E L 2 {Q; d n x)} . (1.13) 

Throughout this manuscript, s (SI) denotes the L 2 -based Sobolev space of order s £ M. in S7, and Hq(£1) is 
the subspace of H s (R n ) consisting of distributions supported in S7 (for s > |, (s — |) ^ N, the space Hq(D.) 
can be alternatively described as the closure of C^°(S7) in H s (il)). Given that the domain SI is smooth, 
elliptic regularity implies 

(Amin^Q)* = A maXi u and A Ct n = A min ^. (1-14) 
Functional analytic considerations (cf. the discussion in Section [2]) dictate that the Krein-von Neumann 
(sometimes also called the "soft") extension Ak.q, of A c ,q_ on C^°(S7) is the L 2 (S1; d™a;)-realization of A c ,n 
with domain (cf. (12.101) derived abstractly by Krein) 



dom(A K) o) =dom(^ c ,n)+ker((A c , n )*). (1.15) 

Above and elsewhere, X+Y denotes the direct sum of two subspaces, X and Y, of a larger space Z, with 
the property that X C\Y = {0}. Thus, granted (|1.14p . we have 

dom.(A K ,si) = dom(A miTlt n) +kei{A max ^) 

■ r , , (1.16) 

= Hl m (VL) + {u £ L 2 {VL; d n x) | Au = in Si}. 

In summary, for domains with smooth boundaries, Ak,q is the self-adjoint realization of A c ^ with domain 
given by (|1.16p . 

Denote by j^u := (j J N u) 0< ■ <m _ 1 the Dirichlct trace operator of order to G N (where v denotes the 
outward unit normal to SI and "/nu := d v u stands for the normal derivative, or Neumann trace), and let 
Adsi be the Dirichlet (sometimes also called the "hard") realization of A C} q in L 2 (Vt\d n x) with domain 

dom(A 0) n) := {u £ H 2m (Q) | 7 ™u = 0}. (1.17) 

Then Ax,n^ ^4n,n are "extremal" in the following sense: Any nonnegative self-adjoint extension A in 
L 2 (D,;d n x) of A Cy Q (cf. (|1.8[> ). necessarily satisfies 

A Kt n<A<A Dt n (1.18) 
in the sense of quadratic forms (cf. the discussion surrounding (12.41) ). 

Returning to the case where A Cj q = — A\c°°(n), for a bounded domain SI with a C°°-smooth boundary, 
<9S1, the corresponding Krein-von Neumann extension admits the following description 
- A k .qu := -Au, 

u £ dom(-A K ,a) := {v £ dom(-A maXi n) | j N v + M D ,N,a{lDv) = 0}, 

where Md,n,Q is (up to a minus sign) an energy-dependent Dirichlet-to-Neumann map, or Weyl-Titchmarsh 
operator for the Laplacian. Compared with (|1.16l) . the description (j!.19[) has the advantage of making 
explicit the boundary condition implicit in the definition of membership to dom(— A/f.n). Nonetheless, as 
opposed to the classical Dirichlet and Neumann boundary condition, this turns out to be nonlocal in nature, 
as it involves Md,n,ci which, when SI is smooth, is a boundary pseudodiffcrential operator of order 1. Thus, 
informally speaking, (I1.19|) is the realization of the Laplacian with the boundary condition 

d v u = d u H(u) on <9S7, (1.20) 
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where, given a reasonable function w in f2, H(w) is the harmonic extension of the Dirichlet boundary trace 
7°,™ to Q (cf. dSHJl). 

While at first sight the nonlocal boundary condition -f^v + Mrj,N,tt(lDv) = in (|1.19j) for the Krein 
Laplacian —Ak.u may seem familiar from the abstract approach to self-adjoint extensions of semibounded 
symmetric operators within the theory of boundary value spaces, there are some crucial distinctions in the 
concrete case of Laplacians on (nonsmooth) domains which will be delineated at the end of Section [5] 

For rough domains, matters are more delicate as the nature of the boundary trace operators and the 
standard elliptic regularity theory are both fundamentally affected. Following work in (82] . here we shall 
consider the class of quasi-convex domains. The latter is the subclass of bounded, Lipschitz domains in R" 
characterized by the demand that 

(i) there exists a sequence of relatively compact, C 2 -subdomains exhausting the original domain, and 
whose second fundamental forms are bounded from below in a uniform fashion (for a precise formu- 
lation see Definition 14.31) , 

or 

(ii) near every boundary point there exists a suitably small 5 > 0, such that the boundary is given by 
the graph of a function (p : W 1 ^ 1 — > M. (suitably rotated and translated) which is Lipschitz and whose 
derivative satisfy the pointwise H 1 ^-multiplier condition 

n — 1 n — 1 

E WfkdkfiWm/'^) < \\M\m/H^), fu-fn-i € i^K"- 1 ). (1.21) 
k=l fc=l 

See Hypothesis 14.71 for a precise formulation. In particular, (|1.21[) is automatically satisfied when uj(V(p,t), 
the modulus of continuity of at scale t, satisfies the square-Dini condition (compare to [126] , [127] , where 
this type of domain was introduced and studied), 

J o hvH 7 (L22) 

In turn, (|1.22j) is automatically satisfied if the Lipschitz function ip is of class C 1,r for some r > 1/2. As a 
result, examples of quasi-convex domains include: 

(i) All bounded (geometrically) convex domains. 

(ii) All bounded Lipschitz domains satisfying a uniform exterior ball condition (which, informally speak- 
ing, means that a ball of fixed radius can be "rolled" along the boundary). 
(Hi) All open sets which are the image of a domain as in (i), (ii) above under a C^-diffeomorphism. 
(iv) All bounded domains of class C 1,r for some r > 1/2. 
We note that being quasi-convex is a local property of the boundary. The philosophy behind this concept 
is that Lipschitz-type singularities are allowed in the boundary as long as they are directed outwardly (see 
Figure 1 on p. [23]) . The key feature of this class of domains is the fact that the classical elliptic regularity 
property 

dom(-A D , n ) C H 2 (Q), dom(-Ajv,n) C H 2 (Q) (1.23) 

remains valid. In this vein, it is worth recalling that the presence of a single re-entrant corner for the domain 
invalidates (|1.23j) . All our results in this paper are actually valid for the class of bounded Lipschitz 
domains for which (]1.23j) holds. Condition (|1.23l) is, however, a regularity assumption on the boundary of 
the Lipschitz domain and the class of quasi-convex domains is the largest one for which we know (|1.23p 
to hold. Under the hypothesis of quasi- convexity, it has been shown in [55] that the Krein Laplacian — A^n 
(i.e., the Krein-von Neumann extension of the Laplacian — A defined on C^°(£l)) in (1 1 . 1 9[) is a well-defined 
self-adjoint operator which agrees with the operator constructed using the recipe in p. 16]) . 

The main issue of the current paper is the study of the spectral properties of Hk.q.-, the Krein-von 
Neumann extension of the perturbed Laplacian 

-A + V on C °°(f7), (1.24) 

in the case where both the potential V and the domain f2 are nonsmooth. As regards the former, we shall 
assume that < V G L°°(£l\ d n x), and we shall assume that ft C M. n is a quasi-convex domain (more on 
this shortly). In particular, we wish to clarify the extent to which a Weyl asymptotic formula continues 
to hold for this operator. For us, this undertaking was originally inspired by the discussion by Alonso and 
Simon in 14J. At the end of that paper, the authors comment to the effect that "It seems to us that the 
Krein extension of —A, i.e., —A with the boundary condition (]1.20[) . is a natural object and therefore worthy 



SPECTRAL THEORY FOR PERTURBED KREIN LAPLACIANS 



5 



of further study. For example: Are the asymptotics of its nonzero eigenvalues given by Weyl's formula?" 
Subsequently we have learned that when ft is C°°-smooth this has been shown to be the case by Grubb in 
[89] . More specifically, in that paper Grubb has proved that if Nk ,n (A; A) denotes the number of nonzero 
eigenvalues of Ak,q. (defined as in (I1.16p ) not exceeding A, then 

ft G C°° implies Nk,q{A; A) = C A , n \ n/{2m] + 0(\ {n - 9)/{2m) ) as A -> oo, (1.25) 

where, with a (x,£) as in (jl.lljl . 



C A , n := (2tt)- b / d n x / d n i (1.26) 



and 

9 := max 



( 1 2771 1 

\ e , >, with e > arbitrary. (1-27) 

I 2 2m + 77 — 1 J 

See also [129] where the author announces a sharpening of the remainder in (|1.25[) to any 6 < 1 (but no 
proof is provided). To show (|1.25[) - (ll.27l) . Grubb has reduced the eigenvalue problem 

Au = \u, u G dom(Ax ! o), A > 0, (1.28) 

to the higher-order, elliptic system 

' A 2 v = XAv in ft, 

j 2 ™v = on dft, (1.29) 

v e C°°(ft). 

Then the strategy is to use known asymptotics for the spectral distribution function of regular elliptic 
boundary problems, along with perturbation results due to Birman, Solomyak, and Grubb (see the literature 
cited in [51] for precise references). It should be noted that the fact that the boundary of ft and the coefficients 
of A are smooth plays an important role in Grubb's proof. First, this is used to ensure that (|1.14[) holds 
which, in turn, allows for the concrete representation (| 1 . (a formula which in effect lies at the start of the 
entire theory, as Grubb adopts this as the definition of the domains of the Krein-von Neumann extension) . 
In addition, at a more technical level, Lemma 3 in |89] is justified by making appeal to the theory of pseudo- 
differential operators on 9ft, assumed to be an (n — l)-dimensional C°° manifold. In our case, that is, when 
dealing with the Krein-von Neumann extension of the perturbed Laplacian (jl.24l) , we establish the following 
theorem: 

Theorem 1.1. Let ft C R™ be a quasi-convex domain, assume that < V € L°° (ft; d n x) , and denote by 
Hk,u the Krein-von Neumann extension of the perturbed Laplacian (|1.24p . Then there exists a sequence of 
numbers 

< Aa',o,i < Ax_o,2 < • • • < ^K,n,j < Aflr,n,j+i < • • • (1.30) 
converging to infinity, with the following properties, 
(i) The spectrum of TLk.o. is given by 

<r(H Kfl ) = {0} U {A K ,, ; | ,. • . (1.31) 

and each number \k,ci j> j £ N, is an eigenvalue for Hkq of finite multiplicity, 
(il) There exists a countable family of orthonormal eigenf unctions for Hksi which span the orthogonal 
complement of the kernel of this operator. More precisely, there exists a collection of functions 
{lOjjjgN with the following properties: 

wj e dom(H K ,n) and H K ^Wj = \K,n,jU)j, j G N, (1-32) 

(Wj,Wk)L^{Q;d"x) = Sj,k, j, k E N, (1.33) 

i 2 (ft; d n x) = kei(Hx,n) © lin. span{7x>j}j 6 N, (orthogonal direct sum). (1-34) 

If V is Lipschitz then Wj G i? 1 / 2 (ft) for every j and, in fact, Wj € C°°(ft) for every j if ft is C°° 
and V G C°°(ft). 
(Hi) The following min-max principle holds: 

+ V)u\\l 2 

^K,n,j = mm ( max 1 



dim(Wj)=j 



j G N. (1.35) 
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(iv) If 

< Xd,q,i < ^D,n,2 < • • • < X-D,n,j < Xd,qj+i < • • • (1.36) 
are i/ie eigenvalues of the perturbed Dirichlet Laplacian —Adxl (i.e., the Friedrichs extension of 
(jl.24l) in L 2 (Q,; d n x)) , listed according to their multiplicities, then 

< X D ,n,j < X K ,n,j, JGN, (1.37) 

Consequently introducing the spectral distribution functions 

Nx,n(X) := #{j G N | \x,n,j < A}, AT e (1.38) 

one ftas 

JVjf,n(A) < JVb, n (A). (1.39) 
(u) Corresponding to the case V = 0, the first nonzero eigenvalue \£ q x of — Aa'.o satisfies 

Ag?o, < Ago, ^ Ag) Q)2 < " 2 + ^ + 20 Ag n ,i- a- 4 °) 



(n + 2) 

In addition, 

n . 

E A So„+i < (" + 4)A^ ai - — -(A^, 2 - A^) < (n + 4)A^ iX , (1.41) 



A- 



E «Wi - < 1 ^ E - A&JA^, * e N. (1.42) 

3=1 3=1 

Moreover, if Q is a bounded, convex domain in R", then the first two Dirichlet eigenvalues and the 
first nonzero eigenvalue of the Krein Laplacian in f2 satisfy 

Agk*^ A W* 4A W (1.43) 
(vi) The following Weyl asymptotic formula holds: 

N k ,q(X) = (2ir)- n v n \n\ \ n/2 + 0(A("-( 1 / 2 ))/ 2 ) as A^co, (1.44) 

where, as before, v n denotes the volume of the unit ball in R n } and |fi| stands for the n-dimensional 
Euclidean volume of ft. 

This theorem answers the question posed by Alonso and Simon in |14j (which corresponds to V = 0), and 
further extends the work by Grubb in [89] in the sense that we allow nonsmooth domains and coefficients. 
To prove this result, we adopt Grubb's strategy and show that the eigenvalue problem 

(-A + V)u = Xu, u e dom(H Ki n), A > 0, (1.45) 

is equivalent to the following fourth-order problem 

' (-A + Vfw = A (-A + V)w in O, 
j D w — -fiyw = on <9f2, (1.46) 
w G dom(-A ma:c ). 

This is closely related to the so-called problem of the buckling of a clamped plate, 

-A 2 w = A Aw in Q, 
jdui — Jnw — on dfl, (1-47) 
w e dom(-A moa; ), 

to which (jl.46p reduces when V = 0. From a physical point of view, the nature of the later boundary value 
problem can be described as follows. In the two-dimensional setting, the bifurcation problem for a clamped, 
homogeneous plate in the shape of J7, with uniform lateral compression on its edges has the eigenvalues A 
of the problem (11.46[) as its critical points. In particular, the first eigenvalue of (11.46[) is proportional to the 
load compression at which the plate buckles. 

One of the upshots of our work in this paper is establishing a definite connection between the Krein-von 
Neumann extension of the Laplacian and the buckling problem (ll.47[) . In contrast to the smooth case, since 
in our setting the solution w of (|1.46[) does not exhibit any extra regularity on the Sobolev scale H s (il), 
s > 0, other than membership to L 2 (ft; d n x), a suitable interpretation of the boundary conditions in (|1.46[) 
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should be adopted. (Here we shall rely on the recent progress from [53] where this issue has been resolved 
by introducing certain novel boundary Sobolev spaces, well-adapted to the class of Lipschitz domains.) We 
nonetheless find this trade-off, between the 2nd-order boundary problem (|1.45[) which has nonlocal boundary 
conditions, and the boundary problem (ll.46[) which has local boundary conditions, but is of fourth-order, 
very useful. The reason is that (|1.46j) can be rephrased, in view of (|1.23j) and related regularity results 
developed in [82], in the form of 

(-A + V) 2 u = \(-A + V)u in Q, u G H$(il). (1.48) 

In principle, this opens the door to bringing onto the stage the theory of generalized eigenvalue problems, 
that is, operator pencil problems of the form 

Tu = \Su, (1.49) 

where T and S are certain linear operators in a Hilbert space. Abstract results of this nature can be found 
for instance, in |119j . [139] . [158] (see also [115] . [116;, where this is applied to the asymptotic distribution 
of eigenvalues). We, however, find it more convenient to appeal to a version of (| 1 .49(1 which emphasizes the 
role of the symmetric forms 

a(u,v) := / d n x (-A + Vju (-A + V)v, u,v G H$(n), (1.50) 
Jn 

b(u,v) := [ d n xVu~-Vv + [ d n xV 1 / 2 uV 1/2 v, u,v&H 2 (n), (1.51) 
Jn Jn 

and reformulate (| 1 .48[) as the problem of finding u G Hq (0) which satisfies 

a(u, v) = X b(u, v) v e H%(Sl). (1.52) 

This type of eigenvalue problem, in the language of bilinear forms associated with differential operators, has 
been studied by Kozlov in a series of papers [104] . [105] . [106] , In particular, in [106] . Kozlov has obtained 
Weyl asymptotic formulas in the case where the underlying domain f2 in (|1.50p is merely Lipschitz, and the 
lower-order coefficients of the quadratic forms (|1.50[l - (jl.51[) are only measurable and bounded (see Theorem 
18.11 for a precise formulation). Our demand that the potential V is in L°°(il; d n x) is therefore inherited 
from Kozlov's theorem. Based on this result and the fact that the problems (|1.50[) - (ll.52l) and (| 1 .45[) are 
spectral-equivalent, we can then conclude that (|1.44p holds. Formulas (|1.40[) - (|1.42l) are also a byproduct of 
the connection between (|1.45[) and (|1.46p and known spectral estimates for the buckling plate problem from 
[25] . [H], [28], [5J], [H], [T35J, [137], [T38J. Similarly, (fQ31) for convex domains is based on the connection 
between (|1.45[) and (| 1 .46(1 and the eigenvalue inequality relating the first eigenvalue of a fixed membrane and 
that of the buckling problem for the clamped plate as proven in [136] (see also [137] . [138] ). 

In closing, we wish to point out that in the C°°-smooth setting, Grubb's remainder in (|1.25|) could, in 
principle, be sharper than that in (|1.44j) . However, the main novel feature of our Theorem 11.11 is the low 
regularity assumptions on the underlying domain f2, and the fact that we allow a nonsmooth potential 
V. As was the case with the Weyl asymptotic formula for the classical Dirichlet and Neumann Laplacians 
(briefly reviewed at the beginning of this section), the issue of regularity (or lack thereof) has always been 
of considerable importance in this line of work (as early as 1970, Birman and Solomyak noted in [36] that 
"there has been recently some interest in obtaining the classical asymptotic spectral formulas under the weakest 
possible hypotheses"). The interested reader may consult the paper [40] by Birman and Solomyak (see also 
[35] . [35]). as well as the article [55] by Davies for some very readable, highly informative surveys underscoring 
this point (collectively, these papers also contain more than 500 references concerning this circle of ideas). 

Finally, a notational comment: For obvious reasons in connection with quantum mechanical applications, 
we will, with a slight abuse of notation, dub —A (rather than A) as the "Laplacian" in this paper. 

2. The Abstract Krein-von Neumann Extension 

To get started, we briefly elaborate on the notational conventions used throughout this paper and especially 
throughout this section which collects abstract material on the Krcin von Neumann extension. Let T-L be 
a separable complex Hilbert space, ( • , • )u the scalar product in H (linear in the second factor), and 1% 
the identity operator in H. Next, let T be a linear operator mapping (a subspace of) a Banach space into 
another, with dom(T) and ran(T) denoting the domain and range of T. The closure of a closable operator 
S is denoted by S. The kernel (null space) of T is denoted by ker(T). The spectrum, essential spectrum, 
and resolvent set of a closed linear operator in % will be denoted by cr(-), cr css (-), and p(-), respectively. The 
Banach spaces of bounded and compact linear operators on H are denoted by Bty) and Booty), respectively. 



8 



M. S. ASHBAUGH, F. GESZTESY, M. MITREA, AND G. TESCHL 



Similarly, the Schatten-von Neumann (trace) ideals will subsequently be denoted by B p (TL), p E (0, oo). The 
analogous notation B(X\,X2), Boo(Xi, X2), etc., will be used for bounded, compact, etc., operators between 
two Banach spaces X\ and X%. Moreover, X\ c — > X2 denotes the continuous embedding of the Banach space 
X\ into the Banach space X^. In addition, U\ 4- U2 denotes the direct sum of the subspaces XJ\ and U2 of a 
Banach space X; and Vi © V2 represents the orthogonal direct sum of the subspaces Vj, j = 1, 2, of a Hilbert 
space H. 

Throughout this manuscript, if X denotes a Banach space, X* denotes the adjoint space of continuous 
conjugate linear functionals on X, that is, the conjugate dual space of X (rather than the usual dual space 
of continuous linear functionals on X). This avoids the well-known awkward distinction between adjoint 
operators in Banach and Hilbert spaces (cf., e.g., the pertinent discussion in [66, p. 3, 4]). 

Given a reflexive Banach space V and T E S(V, V*), the fact that T is self-adjoint is defined by the 
requirement that 



v(u,Tv)y — v*(Tu,v)\> — y(u,Tu)v*, u,vEV, (2.1) 

where in this context bar denotes complex conjugation, V* is the conjugate dual of V, and y(- , • )y. stands 
for the V, V* pairing. 

A linear operator S : dom(S') C H — > "H, is called symmetric, if 

(u,Sv)h = (Su,v)-h, u,vEdom(S). (2.2) 

If dom(S') = H, the classical Hellinger-Toeplitz theorem guarantees that S E B(H), in which situation S is 
readily seen to be self-adjoint. In general, however, symmetry is a considerably weaker property than self- 
adjointness and a classical problem in functional analysis is that of determining all self-adjoint extensions in 
H of a given unbounded symmetric operator of equal and nonzero deficiency indices. (Here self-adjointness 
of an operator S in T~i, is of course defined as usual by (£)* = S.) In this manuscript we will be particularly 
interested in this question within the class of densely defined (i.e., dom(5) = %), nonnegative operators 
(in fact, in most instances 5* will even turn out to be strictly positive) and we focus almost exclusively on 
self-adjoint extensions that are nonnegative operators. In the latter scenario, there are two distinguished 
constructions which we will briefly review next. 

To set the stage, we recall that a linear operator S : dom(S') C % — > % is called nonnegative provided 

(u,Su) n >0, uEdom(S). (2.3) 

(In particular, S is symmetric in this case.) S is called strictly positive, if for some e > 0, (u, Su)u > e||u||^, 
u E dom(5). Next, we recall that A < B for two self-adjoint operators in H if 



dom(|yl| 1/2 ) D dom(|S| 1/2 ) and 

(lAl^u, U A \A\ 1 ' 2 u) n < (|S| 1/2 U , UbIB^u)^ u E dom (|^| 1/2 ) 



(2.4) 



where Uc denotes the partial isometry in H in the polar decomposition of a densely defined closed operator 
C in V., C = U C \C\, \C\ = (C*Cy/ 2 . (If in addition, C is self-adjoint, then U c and \C\ commute.) We also 
recall ([70j Part II], [1021 Theorem VI. 2. 21]) that if A and B are both self-adjoint and nonnegative in H, 
then 



(2.5) 



< A < B if and only if < A 1/2 < B 1/2 , 

cquivalently, if and only if {B + alu)~ < {A + al-u)^ 1 for all a > 0, 
and 

ker(A) = ker (A 1/2 ) (2.6) 

(with C 1 / 2 the unique nonnegative square root of a nonnegative self-adjoint operator C in T-L). 

For simplicity we will always adhere to the conventions that S is a linear, unbounded, densely defined, 
nonnegative (i.e., S > 0) operator in %, and that S has nonzero deficiency indices. In particular, 

def(S') = dim(ker(5'* - zI H )) GNU {00}, z E C\[0, 00), (2.7) 

is well-known to be independent of z. Moreover, since S and its closure S have the same self-adjoint 
extensions in T-L, we will without loss of generality assume that S is closed in the remainder of this section. 

The following is a fundamental result to be found in M. Krein's celebrated 1947 paper [110] (cf. also 
Theorems 2 and 5-7 in the English summary on page 492): 
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Theorem 2.1. Assume that S is a densely defined, closed, nonnegative operator in T~L. Then, among 
all nonnegative self-adjoint extensions of S, there exist two distinguished ones, Sk and Sf, which are, 
respectively, the smallest and largest (in the sense of order between self-adjoint operators, cf. ^2 At ) such 
extension. Furthermore, a nonnegative self-adjoint operator S is a self-adjoint extension of S if and only if 
S satisfies 

Sk<S<S F - (2.8) 
In particular, (j2.8[) determines Sk and Sf uniquely. 

In addition, if S > el-u for some e > 0, one has Sf > £l~H, an d 

dom(SV) = dom(S) + (Sf)' 1 ker(S*), (2.9) 
dom(SW) = dom(S) + ker(S**), (2.10) 
dom(S*) = dom(S) + (Sp)' 1 kcr(S*) + ker(S**) 

= dom(S F )+kei(S*), (2.11) 

in particular, 

ker(S K ) = ker ((S K ) 1/2 ) = ker(S*) = ran(5) ± . (2.12) 

Here the operator inequalities in (|2.8I) are understood in the sense of (|2.4p and hence they can equivalently 
be written as 

(Sf + alnV 1 < {S + al u ) _1 < (Sk + alu)' 1 for some (and hence for all) a > 0. (2.13) 

We will call the operator Sk the Krein-von Neumann extension of S. See |110j and also the discussion 
in [Tl], [2T], [22]. It should be noted that the Krein-von Neumann extension was first considered by von 
Neumann [166] in 1929 in the case where S is strictly positive, that is, if S > el-u for some e > 0. (His 
construction appears in the proof of Theorem 42 on pages 102-103.) However, von Neumann did not isolate 
the extremal property of this extension as described in (|2.8[> and (I2.13[) . M. Krein |110j . [Ill] was the 
first to systematically treat the general case S > and to study all nonnegative self-adjoint extensions of S, 
illustrating the special role of the Friedrichs extension (i.e., the "hard" extension) Sf of S and the Krein-von 
Neumann (i.e., the "soft") extension Sk of S as extremal cases when considering all nonnegative extensions 
of S. For a recent exhaustive treatment of self-adjoint extensions of semibounded operators we refer to 
[2D]-[2J. 

For classical references on the subject of self-adjoint extensions of semibounded operators (not necessarily 
restricted to the Krein-von Neumann extension) we refer to Birman [33], [34], Friedrichs [72], Freudenthal 
[71] . Grubb [87], [88], Krein |lllj . Straus [156j . and Visik |165j (see also the monographs by Akhiezer and 
Glazman [TQl Sect. 109], Faris (70J Part III], and the recent book by Grubb [92j Sect. 13.2]). 

An intrinsic description of the Friedrichs extension Sf of S > due to Freudenthal [71] in 1936 describes 
Sf as the operator Sf ■ dom(5_F) C % — >• % given by 

Sfu := S*u, 

u e dom(Sp) '■— {v € dom(5*) | there exists {vjjjeN C dom(5), (2-14) 
with lim \\vj — = and ((vj — Vk), S(vj — Vk))-u ~ ^ as j, k — > oo}. 

Then, as is well-known, 

Sf > 0, (2.15) 
dom ((S F ) 1/2 ) = {v £ U \ there exists {vj} je ® C dom(5), (2.16) 
with lim — v\\w — and ((vj — Vk), S(vj — Vk))u — > as j, k — > oo}, 

and 

Sf = 5 , *ldom(s*)ndom((S F ) 1 / 2 )- (2-17) 
Equations (|2.16j) and (|2.17[) are intimately related to the definition of Sf via (the closure of) the sesquilin- 
ear form generated by S as follows: One introduces the sesquilinear form 

qs(f,g) = (f,Sg) n , f,g e dom(q s ) = dom(S). (2.18) 

Since S > 0, the form qs is closable and we denote by Q$ the closure of qs- Then Qs > is densely 
defined and closed. By the first and second representation theorem for forms (cf., e.g., [1021 Sect. 6.2]), Qs is 
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uniquely associated with a nonnegative, self-adjoint operator in %. This operator is precisely the Friedrichs 
extension, Sf > 0, of S, and hence, 

Qs(f, 9) = if, S F g) n , f G dom(Q 5 ), g e dom(5 F ), 

( 2 - 19 ) 

dom(Q s ) = dom((,S F ) 1 / 2 ). 

An intrinsic description of the Krein-von Neumann extension Sk of S > has been given by Ando and 
Nishio [TB] in 1970, where Sk bas been characterized as the operator Sk '■ &oixi{Sk) C % — > TL given by 

SkU := 

it G dom(5ff) := {w £ dom(£*) | there exists {vjljeN C dom(5), (2.20) 
with lim \\Svj — S*v\\-n = and ((vj — Vk), S(vj — Vk))n — > as j, k — > oo}. 

By (|2.14l) one observes that shifting S by a constant commutes with the operation of taking the Friedrichs 
extension of S, that is, for any c£l, 

{S + cI H ) F = S F +cL n , (2.21) 

but by (|2.20p . the analog of (|2.21|) for the Krein-von Neumann extension Sk fails. 

At this point we recall a result due to Makarov and Tsekanovskii [120J . concerning symmetries (e.g., the 
rotational symmetry exploited in Section [T0|). and more generally, a scale invariance, shared by 5, S*, Sf, 
and Sk (see also [Hi]). Actually, we will prove a slight extension of the principal result in |120j : 

Proposition 2.2. Let \i > 0, suppose that V,V G B("H), and assume S to be a densely defined, closed, 
nonnegative operator in TL satisfying 

VSV- 1 = fiS, (2.22) 

and 

VSV- 1 = (V*)~ 1 SV* (or equivalently, (V*V)~ 1 S(V*V) = S). (2.23) 
Then also S* , Sf, and Sk satisfy 

(V^y^^V^) = S*, VS*V- 1 = nS*, (2.24) 

(V*V)~ 1 Sf{V*V) = S F , VSfV- 1 = fiS F , (2.25) 

(V^y'SK^V) = S K , VSkV- 1 = fiS K - (2.26) 

Proof. Applying [1681 P- 73, 74], (|2T22| yields VSV- 1 = (V*y 1 SV*. The latter relation is equivalent to 
(V^yT-S^V) = S and hence also equivalent to (V^SiV^y 1 = S. Taking adjoints (and applying 
[1681 p. 73, 74] again) then yields [V*y 1 S*V* = VS*^- 1 ; the latter is equivalent to {V^^S*^^) = 
S* and hence also equivalent to (V*V)S*(V*Vy 1 = S. Replacing S and S* by [V^^S^V) and 
(V*V)~ 1 S*(V*V), respectively, in (jOi]) . and subsequently, in (|2~2^|) . then yields that 

(V* V)- 1 S F (V*V) = S F and (V*Vy 1 Sk{V*V) = S K - (2.27) 

The latter are of course equivalent to 

(V*V)S F (V*Vy 1 = S F and {V*V)S K (V*Vy 1 = S K - (2.28) 

Finally, replacing S by VSV' 1 and S* by VS*V~ 1 in ff27T4|) then proves VSpV^ 1 = fiS F - Performing the 
same replacement in (|2.20|) then yields VSkV^ 1 — ijlSk- D 

If in addition, V is unitary (implying V*V = In), Proposition 12.21 immediately reduces to 1120] Theorem 
2.2]. In this special case one can also provide a quick alternative proof by directly invoking the inequalities 
(|2.13[) and the fact that they are preserved under unitary equivalence. 

Similarly to Proposition 12.21 the following results also immediately follows from the characterizations 
(|2~T4|) and (|2~20l of S F and S K , respectively: 

Proposition 2.3. Let U : TL\ — > H2 be unitary from TLi onto T~ii and assume S to be a densely defined, closed, 
nonnegative operator in H.\ with adjoint S* , Friedrichs extension Sf, and Krein-von Neumann extension 
Sk in Hi, respectively. Then the adjoint, Friedrichs extension, and Krein-von Neumann extension of the 
nonnegative, closed, densely defined, symmetric operator USU -1 in TL2 are given by 

[USU- 1 ]* = US*U- 1 , [USU-^f = US F U-\ [USU-% = USkU- 1 (2.29) 

in TA.1, respectively. 
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Proposition 2.4. Let J C N be some countable index set and consider % = ® Jg j'Hj and S = ©j e / Sj, 

where each Sj is a densely defined, closed, nonnegative operator in Wj, j G J. Denoting by (Sj)p and {Sj)k 
the Friedrichs and Krein-von Neumann extension of Sj in Hj , j G J, one infers 

S* = ®(S j y, S F = @(Sj) F , S K = ®(S j ) K . (2.30) 

jeJ jeJ jeJ 

The following is a consequence of a slightly more general result formulated in |16[ Theorem 1] : 

Proposition 2.5. Let S be a densely defined, closed, nonnegative operator in Ti. Then Sk, the Krein-von 
Neumann extension of S , has the property that 

\(u,Sv) n \ 2 . . \ ro oi\ 

sup —, — — <+oof, (2.31) 

vGdom(S) { V ^ V )H J 



dom({S K ) 1/2 ) = ju G H 



\{S K ) 1 / 2 u\f u = sup %^J!, uedom((S K )^). (2.:>,2i 



? 

(v,Sv)h 

A word of explanation is in order here: Given S > as in the statement of Proposition 12.51 the Cauchy- 
Schwarz-type inequality 

\(u, Sv) H \ 2 < (u, Su)h(v, Sv) n , u,v e dom(S), (2.33) 

shows (due to the fact that dom(S') H densely) that 

u G dom(S) and (u, Su) n = imply Su = 0. (2.34) 

Thus, whenever the denominator of the fractions appearing in (|2.31|) . (|2.32j) vanishes, so does the numerator, 
and one interprets 0/0 as being zero in (|2.31[) . (|2.32|) . 

We continue by recording an abstract result regarding the parametrization of all nonnegative self-adjoint 
extensions of a given strictly positive, densely defined, symmetric operator. The following results were 
developed from Krein [1 lOj . Visik |165j . and Birman [33], by Grubb [87], [88]. Subsequent expositions are 
due to Faris [70] Sect. 15], Alonso and Simon [T3] (in the present form, the next theorem appears in 82 ), 
and Derkach and Malamud [BO], [121] . We start by collecting our basic assumptions: 

Hypothesis 2.6. Suppose that S is a densely defined, symmetric, closed operator with nonzero deficiency 
indices in % that satisfies 

S > el u for some e > 0. (2.35) 

Theorem 2.7. Suppose Hvvothesis \2M Then there exists a one-to-one correspondence between nonnegative 
self-adjoint operators < B : dom(i?) C W — y W, dom(_B) = W, where W is a closed subspace of 
A/o := ker^*), and nonnegative self-adjoint extensions Sb,w > of S. More specifically, Sf is invertible, 
Sf > £l"H> an d one has 

dom(S B ,w) = {/+ (£f) _1 (Bu> + r))+w\fe dom(S), w e dom(B), r) G M n W ± }, 

Sb.W = »S'*ldom(SB.w)' (2.36) 

where W" 1 denotes the orthogonal complement of W in A/"o ■ In addition, 

dom ({S B ,w) 1/2 ) = dom ((S F ) 1/2 ) + dom (B 1 ' 2 ) , (2.37) 
\\{SB,w) 1/2 {u + g)f u =\\{S F ) 1/2 u\\^ + \\B 1 / 2 gf H , (2.38) 
u G dom((S' F ) 1/2 ), g G dom(B 1/2 ), 

ker(S s , w ) = ker(S). (2.39) 
B < B implies Sb.w < yy , (2.40) 
B : dom(S) C W ->■ W, B: dom (B)CW^ W, 

(2.41) 



implying, 

Moreover, 

where 



dom (B) = W C W = dom(S). 
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In the above scheme, the Krein-von Neumann extension Sk of S corresponds to the choice W = Ao and 
B = (with dom(B) = dom (B 1 / 2 ) = Wo = ker(S'*)). In particular, one thus recovers (|2. 10|) . and (|2.12j) . 
and also obtains 

dom ((S K ) 1/2 ) = dom ((S F ) 1/2 ) + ker(S*), (2.42) 

\\{S K ) 1 ' 2 {u + g)\\ 2 H ^\\{S F ) 1 / 2 u\\ 2 H , «edom((S,) 1 / 2 ), 5 G ker(S*). (2.43) 

Finally, the Friedrichs extension Sf corresponds to the choice dom(_B) = {0} (i.e., formally, B = oo), in 
which case one recovers (|2.9|) . 

The relation B < B in the case where W ^ W requires an explanation: In analogy to (|2.4p we mean 

(\B\ 1 / 2 u,U B \B\ 1 / 2 u) w < (\B\^ 2 u,U s \B\^ 2 u) w , ^domO^ 1 / 2 ) (2 .44) 

and (following (Tl]) we put 

(|B| 1/2 M,C/ 5 |i?| 1/2 M) w = oo for u G W\ dom (| SI 1 / 2 ). (2.45) 

For subsequent purposes we also note that under the assumptions on S in Hypothesis 12.61 one has 

dim(ker(5* - zl u )) = dim(ker(5*)) = dim(W ) = dcf (S), z G C\[e, oo). (2.46) 

The following result is a simple consequence of (|2.10|) . (|2.9[) . and (|2.20|) . but since it seems not to have 
been explicitly stated in [110] . we provide the short proof for completeness (see also |121[ Remark 3]). First 
we recall that two self-adjoint extensions Si and S2 of S are called relatively prime if dom(Si) n dom(S l 2) = 
dom(S). 



Lemma 2.8. Suppose Hvvothesis \'2M Then Sf and Sk are relatively prime, that is, 

dom(S' F ) n dom(Sjf) = dom(S'). (2.47) 

Proof. By and ^J0\i it suffices to prove that ker(S*) n (Sp)' 1 ker(S*) = {0}. Let f G ker(S*) n 

(Sf) -1 ker(5*). Then S* f = and f = (Sf)~ 1 9o for some g G ker(S'*). Thus one concludes that 
fa G dom(S F ) and S F fo = go- But S F = S*\ dom (s F ) and hence g = S F fo = S* f = 0. Since g = one 
finally obtains fo = 0. □ 

Next, we consider a self-adjoint operator 

T : dom(T) C^-jM, T = T* , (2.48) 

which is bounded from below, that is, there exists ael such that 

T>al n . (2.49) 

We denote by {Et(X)}\£r the family of strongly right-continuous spectral projections of T, and introduce, 
as usual, Ex((a,b)) = Ex(b-) — Et{o), Ex(b-) = s-lim e j, Ex(b — e), —00 < a < b. In addition, we set 

Hr,j ■= inf {A G R| dim(ran(£r((-oo,A)))) > j}, j G N. (2.50) 

Then, for fixed k G N, cither: 

(*) MT.fe is the A:th eigenvalue of T counting multiplicity below the bottom of the essential spectrum, er css (T), 

ofT, 

or, 

(ii) /iT.k is the bottom of the essential spectrum of T, 

MT,fc = inf{AGM|Aea css (T)}, (2.51) 

and in that case fJ-T.k+i = (J*r,ki & G N, and there are at most k — 1 eigenvalues (counting multiplicity) of T 
below piT,k- 

We now record a basic result of M. Krein [110 with an important extension due to Alonso and Simon [14] 
and some additional results recently derived in [27] . For this purpose we introduce the reduced Krein-von 
Neumann operator Sk in the Hilbert space (cf. (|2.12[) ) 

U = MS*)]" 1 - [In ~ P^r(S')]U = [In - P^s K )]n = [ket(S K )] x , (2.52) 

by 

Sk ■ = SK\[^ C r(s K )]- L (2.53) 

= Sk [In - Pkcr(s K )} in [In - Pk cr (s K )]U ^ 

= [In — Pkcr(S K )}SK[In - -fker(S K )] i n [I"H — ^kcr(S A ')]^' 



SPECTRAL THEORY FOR PERTURBED KREIN LAPLACIANS 



13 



where fker(Sif) denotes the orthogonal projection onto ker(5V) and we are alluding to the orthogonal direct 
sum decomposition of H into 

H = Pk C r(s K )U © [In ~ P^r(s K )}n. (2.55) 
Assuming Hypothesis 12.61 we recall that Krein [110] (see also |121[ Corollary 5] for a generalization to the 
case S > 0) proved the formula 

(^A-r 1 = [In - P^is^KSpy^In - Pker(SK)]- (2-56) 
Theorem 2.9. Suppose Hvvothesis \2M Then, 

' !><,.,■ /'<„...• -?' eN - ( 2 - 57 ) 
7n particular, if the Friedrichs extension Sf of S has purely discrete spectrum, then, except possibly for 
A = 0, the Krein-von Neumann extension Sk of S also has purely discrete spectrum in (0, oo), that is, 

a ess (S F ) = implies a css (S K )\{0} = 0. (2.58) 

In addition, let p £ (0, oo) U {oo} ; then 

(Sf — zqI-u)^ 1 e B P (H) for some z e C\[e, oo) 

implies (Sk ~ zI H y l [I u - fker(s K )] G B P (H) for all z e C\[e, oo). 

In fact, the £ p (N)-based trace ideals B v (^-[) of B(H) can be replaced by any two-sided symmetrically normed 
ideals of B(H). 

We note that (|2.58j) is a classical result of Krein [110] , the more general fact (|2.57[) has not been mentioned 
explicitly in Krein's paper jllOj . although it immediately follows from the minimax principle and Krein's 
formula (I2.56[) . On the other hand, in the special case def(5) < oo, Krein states an extension of (12.57)) in 
his Remark 8.1 in the sense that he also considers self- adjoint extensions different from the Krein extension. 
Apparently, ([2.57P in the context of infinite deficiency indices has first been proven by Alonso and Simon 
[14] by a somewhat different method. Relation (|2.59p was recently proved in [27] for p 6 (0, oo). 

Finally, we very briefly mention some new results on the Krein-von Neumann extension which were 
developed when working on this paper. These results exhibit the Krein-von Neumann extension as a natural 
object in elasticity theory by relating it to an abstract buckling problem as follows: 

We start by introducing an abstract version of Proposition 1 in Grubb's paper [89] devoted to Krein-von 
Neumann extensions of even order elliptic differential operators on bounded smooth domains. We recall that 
Proposition 1 in [89] describes an intimate connection between the nonzero eigenvalues of the Krein-von 
Neumann extension of an appropriate minimal elliptic differential operator of order 2m, m £ N, and nonzero 
eigenvalues of a suitable higher-order buckling problem (cf. (11.29p ). The abstract version of this remarkable 
connection reads as follows: 



Lemma 2.10. Assume Huvothesis 12.61 and let A =^ 0. Then there exists ^= v G dom(5ff) with 

S K v = Xv (2.60) 

if and only if there exists 0/ii£ dom(5'*5') such that 

S*Su = XSu. (2.61) 

In particular, the solutions v of (|2.60j) are in one-to-one correspondence with the solutions u of (]2.61[) given 
by the formulas 

u=(S F )~ 1 S K v, (2.62) 

v = X^Su. (2.63) 
Of course, since Sk > 0, any X ^ in (|2.60p and (|2.6ip necessarily satisfies A > 0. 

We refer to [27] for the proof of Lemma l2.10l Due to the generalized buckling problem (|6.ip . respectively, 
(|6.2p . we will call the linear pencil eigenvalue problem S*Su — XSu in (|2.6ip the abstract buckling problem 
associated with the Krein-von Neumann extension Sk of S. 

Next, we turn to a variational formulation of the correspondence between the inverse of the reduced Krein 
extension Sk and the abstract buckling problem in terms of appropriate sesquilinear forms by following the 
treatment of Kozlov |104] - [T0"6] in the context of elliptic partial differential operators. This will then lead to 
an even stronger connection between the Krein-von Neumann extension Sk of S and the associated abstract 
buckling eigenvalue problem (12 .6 If) . culminating in a unitary equivalence result in Theorem 12. Ill 
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Given the operator S, we introduce the following sesquilinear forms in %, 

a(u,v) = {Su, Sv)u, u, v G dom(a) = dom(S'), (2-64) 
b(u,v) = (u, Sv)-h, u, v G dom(6) = dom(S'). (2.65) 

Then S being densely defined and closed implies that the sesquilinear form a shares these properties and 
(|2.35j) implies its boundedness from below, 

a{u,u) > £ 2 |M|«, uedom(S). (2.66) 

Thus, one can introduce the Hilbert space W = (dom(S'), ( • , • )w) with associated scalar product 

(u, v)w = a{u,v) = {Su, Sv)<n, u,v € doxn(S). (2.67) 

In addition, we denote by tyy the continuous embedding operator of W into W, 

lw-W^H. (2.68) 

Hence, we will use the notation 

{w\, w 2 )w — a{i w w\, Lyv w 2) — (St-w w i: Siy V w 2 )n, w 1 ,w 2 eW, (2.69) 

in the following. 

Given the sesquilinear forms a and b and the Hilbert space W, we next define the operator T in W by 

(wi,Tw 2 )w = a(b W wi,L W Tw 2 ) = {Sl w w%, Sl w Tw 2 )u ^ 
— b(i W wi, l w w 2 ) = (lwWi, Slww 2 ) h , wi,w 2 eW. 
One verifies that T is well-defined and that 

\{wi,Tw 2 )w\ < \\t-wWi\\u\\SLww 2 \\n < £ _1 ||u;i||vv||it>2||yv, w ll w 2 G W, (2-71) 

and hence that 

0<T = T* e£(W), ||T|| B ( W ) <e- 1 . (2.72) 

For reasons to become clear in connection with (|2.79|) - (|2.81[) . we called T the abstract buckling problem 
operator associated with the Krein-von Neumann extension Sk of S in [2 7) . 

Next, recalling the notation H = [ker(S'*)]- L = \l H — Pk er (s*)]^ ( CI - l|2.52p ). we introduce the operator 

(2.73) 

I w i-> Siyvw, 

and note that 

ran (S) = vaxi{S) = H, (2.74) 
since 5 > el-u for some e > and S is closed in H (see, e.g., (1681 Theorem 5.32]). In fact, 

S G B(W, H) maps W unitarily onto H. (2.75) 
Continuing, we briefly recall the polar decomposition of S, 

S = U S \S\, (2.76) 

with 

|5| = (S*S) 1/2 > eI H , e > 0, U s € B(H,H) unitary, (2.77) 
and state the principal unitary equivalence result proven in |27j : 



Theorem 2.11. Assume Hypothesis 12.61 Then the inverse of the reduced Krein-von Neumann extension 
Sk in 1-1 = — -Pker(s*)] % and the abstract buckling problem operator T inW are unitarily equivalent, in 
particular, 

(Sk)' 1 =ST(S)-\ (2.78) 

Moreover, one has 

(Sk)' 1 = UsllS^SlSl-^Us)- 1 , (2.79) 

where Us G B(l~t,nj is the unitary operator in the polar decomposition (|2.76|) of S and the operator 
IS^SIS]- 1 G B(H) is self-adjoint in U. 
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Equation (12.79)) is of course motivated by rewriting the abstract linear pencil buckling eigenvalue problem 
(|2~CT|) . S*Su = XSu, A ^ 0, in the form 

\- 1 S*Su = \- 1 {S*S) 1/2 [(S*S) 1/2 u] = S{S*S)- 1/2 [(S*S) 1/2 u] (2.80) 

and hence in the form of a standard eigenvalue problem 

= A~V A ^ 0, w = \S\u. (2.81) 

Concluding this section, we point out that a great variety of additional results for the Krein-von Neumann 
extension can be found, for instance, in [TU1 Sect. 109], [H], [H], [IZ], [T5], [H], [20], EI], El], E3, 03, 
[60], [61], [SB Part III], [75l Sect. 3.3], [82], [89], [93], [95], [96], [97], [112], [113], [133], [IS], [TSI], [152], 
[153j . |155j . [161] . |162j . [164] . and the references therein. We also mention the references [67], [68], [69] 

(these authors, apparently unaware of the work of von Neumann, Krein, Vishik, Birman, Grubb, Strauss, 
etc., in this context, introduced the Krein Laplacian and called it the harmonic operator, see also [90 ) . 

3. Trace Theory in Lipschitz Domains 

In this section we shall review material pertaining to analysis in Lipschitz domains, starting with Dirichlct 
and Neumann boundary traces in Subsection 13. H and then continuing with a brief survey of perturbed 
Dirichlct and Neumann Laplacians in Subsection 13.21 



3.1. Dirichlet and Neumann Traces in Lipschitz Domains. The goal of this subsection is to introduce 
the relevant material pertaining to Sobolev spaces H s (£l) and H r (dfl) corresponding to subdomains £1 of 
E",n£N, and discuss various trace results. 

Before we focus primarily on bounded Lipschitz domains, we briefly recall some basic facts in connection 
with Sobolev spaces corresponding to open sets fi C R™, n G N: For an arbitrary m G NU {0}, we follow the 
customary way of defining L 2 -Sobolev spaces of order ±m in as 

H m (Q) := {u G L 2 {n-d n x) | d a u G L 2 (n;d n x), < \a\ < m}, (3.1) 
H-" l {Q) := jit G P'(fi) u = d a u a , with u a eL 2 {Q;d n x),0< \a\<m\, (3.2) 

0<\a\<m ' 

equipped with natural norms (cf., e.g., [2] Ch. 3], 123, Ch. 1]). Here V(il) denotes the usual set of 
distributions on f2 C R n . Then we set 

H^(n) := the closure of C£°(ft) in H m (Q), m e N U {0}. (3.3) 

As is well-known, all three spaces above are Banach, reflexive and, in addition, 

(H^ifl))* =H- m (tt). (3.4) 

Again, see, for instance, [5J Ch. 3], |123[ Ch. 1]. 

We recall that an open, nonempty set fi C R n is called a Lipschitz domain if the following property 
holds: There exists an open covering {Oj}i<j<N of the boundary dfl of f2 such that for every j S {1, N}, 
Oj n coincides with the portion of Oj lying in the over-graph of a Lipschitz function ipj : W 1 ^ 1 — > K 
(considered in a new system of coordinates obtained from the original one via a rigid motion). The number 
maxlllV^jllioo^n-i.^Ti-i^/^-i 1 1 < j < N} is said to represent the Lipschitz character of fi. 

The classical theorem of Rademacher on almost everywhere differentiability of Lipschitz functions ensures 
that for any Lipschitz domain J7, the surface measure d"^ 1 ^ is well-defined on dfl and that there exists an 
outward pointing normal vector v at almost every point of dtt. 

As regards i 2 -based Sobolev spaces of fractional order s £ I, on arbitrary Lipschitz domains ft C R", we 
introduce 

H s (K n ) := SjJ e S'(K n ) \\Uf Hsm = j d n £ \U(0\\l + |C| 2s ) < ooj, (3.5) 
H s {n) := {u e V\n) I u = U\ n for some U 6 H s (W n )} = R n H s (R n ), (3.6) 

where Rn denotes the restriction operator (i.e., Rn U = U\n, U G H S {W 1 )), S'(R n ) is the space of tempered 
distributions on R™, and U denotes the Fourier transform of U G iS'(R"). These definitions are consistent 
with (|3.ip . (13.21) . Next, retaining that il G R" is an arbitrary Lipschitz domain, we introduce 

JJJ(fZ) := {u G H s (R n ) | supp(u) C H}, s G R, (3.7) 
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equipped with the natural norm induced by H s (R n ). The space Hq(£V) is reflexive, being a closed subspace 
of H s (R n ). Finally, we introduce for all s £ E, 

H S {Q) = the closure of Cg°(f2) in H S (Q), (3.8) 
H s z (n) = R Q HS(Q). (3.9) 

Assuming from now on that C E™ is a Lipschitz domain with a compact boundary, we recall the 
existence of a universal linear extension operator Eq : D'(fi) — > 6>'(E") such that -En : H s (tt) — > iJ s (E") 

is bounded for all s £ E, and RqEq = I H >{n) (cf. |146j ). If Co°(n) denotes the set of Cff 3 (fi)-fimctions 

extended to all of E™ by setting functions zero outside of J7, then for all s £ E, C§°(£1) <-> Hq(H) densely. 
Moreover, one has 

(flj(n))* = H- S (n), set. (3.10) 

(cf., e.g., |101j ) consistent with (|3.3[) . and also, 

(# s (0))* = iJ- s (Q), s eE, (3.11) 

in particular, H s (fl) is a reflexive Banach space. We shall also use the fact that for a Lipschitz domain 
C E" with compact boundary, the space H s (fl) satisfies 

H s (n) = # z s (0) if s > -1/2, s i {\ +N }. (3.12) 

For a Lipschitz domain Q C E n with compact boundary it is also known that 

(H s (n))* = H- S (Q), -1/2<s<1/2. (3.13) 

See [159) for this and other related properties. Throughout this paper, we agree to use the adjoint (rather 
than the dual) space X* of a Banach space X. 

From this point on we will always make the following assumption (unless explicitly stated otherwise): 

Hypothesis 3.1. Let n £ N, n > 2, and assume that ^ Q C E" is a bounded Lipschitz domain. 

To discuss Sobolev spaces on the boundary of a Lipschitz domains, consider first the case where fl C E™ 
is the domain lying above the graph of a Lipschitz function ip: E" _1 — > E. In this setting, we define the 
Sobolev space H s (dil) for < s < 1, as the space of functions / £ L 2 (dtt; d n ~ 1 oS) with the property that 
f(x',ip(x')), as a function of x' £ E™ _1 , belongs to £P(E™ _1 ). This definition is easily adapted to the case 
when fl is a Lipschitz domain whose boundary is compact, by using a smooth partition of unity. Finally, for 
— 1 < s < 0, we set 

H s {dn) = (H- S (dn))*, -Us^O. (3.14) 
From the above characterization of H 3 (d£l) it follows that any property of Sobolev spaces (of order s £ [—1,1]) 
defined in Euclidean domains, which are invariant under multiplication by smooth, compactly supported 
functions as well as composition by bi-Lipschitz diffeomorphisms, readily extends to the setting of H s (d£l) 
(via localization and pullback). For additional background information in this context we refer, for instance, 
to [661 Chs. V, VI], (Ml Ch. 1]. 

Assuming Hypothesis 13. 1[ we introduce the boundary trace operator 7^ (the Dirichlet trace) by 

7° : C(H) -+C(Sfl), i D u = u\ dn . (3.15) 
Then there exists a bounded, linear operator 7^ 

7 D : H s (n) -> H s -W(dn) L 2 (dri;d n ~ 1 U)), 1/2 < s < 3/2, 

(3.16) 

lD : H 3 / 2 (n) -> H^idft) ^ L 2 (dtl; d^w), e £ (0, 1) 

(cf., e.g., 128, Theorem 3.38]), whose action is compatible with that of 7^. That is, the two Dirichlet trace 
operators coincide on the intersection of their domains. Moreover, we recall that 

7D : H s (n) -> H s - {1/2) {dti) is onto for 1/2 < s < 3/2. (3.17) 

Next, retaining Hypothesis 13. 1[ we introduce the operator 7jv (the strong Neumann trace) by 

In = ^-7dV: H s+1 (n) -+L 2 (dtl;d n - 1 u), 1/2 < s < 3/2, (3.18) 

where v denotes the outward pointing normal unit vector to dfl. It follows from (|3.16[) that is also a 
bounded operator. We seek to extend the action of the Neumann trace operator (j3. 18[) to other (related) 
settings. To set the stage, assume Hypothesis 13.11 and observe that the inclusion 

1 : H S0 (ty ^ (H r (ty)* , s > -1/2, r > 1/2, (3.19) 
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is well-defined and bounded. We then introduce the weak Neumann trace operator 

7at: {u e # S+1/2 (Q) I Au e H so (n)} -> H'-^on), s e (0,1), s > -1/2, (3.20) 

as follows: Given u G H S+1 / 2 (Q) with Att G H S °(Q) for some s G (0, 1) and sq > —1/2, we set (with i as in 
(13191) for r := 3/2- s > 1/2) 

((/),j N u)i- 8 = ffi/»-.( fl )(V$,V«)( ff i/j-.((i)). +jj3/ 2 - s(n) ($ ! i(Ati))( J j3/ 2 - s( n))., (3.21) 

for all G H 1 ~ s (dfl) and $ G H 3 / 2 ~ s (fl) such that 7£><I> = 0. We note that the first pairing in the right-hand 
side above is meaningful since 

(H 1/2 - s {n))* = H s - 1/2 (fl), s G (0, 1), (3.22) 

that the definition (13.211) is independent of the particular extension $ of <p, and that 7/v is a bounded 
extension of the Neumann trace operator 7 at defined in (|3.18l) . 

For further reference, let us also point out here that if f2 C M™ is a bounded Lipschitz domain then for 
any j,k G {1, ...,n} the (tangential first-order differential) operator 

d/dTj, k := Vjdk -v k dj : H s (dn) iJ'-^dfi), < s < 1, (3.23) 

is well-defined, linear and bounded. Assuming Hypothesis I3.1) we can then define the tangential gradient 
operator 

'if x (aO) ->■ (L 2 {dfl;d n - 1 uj)) n 

/~w:-(s^#) ias> ■ 

The following result has been proved in [125 . 

Theorem 3.2. Assume Hypothesis 13.11 and denote by v the outward unit normal to <9fL Then the operator 

f H 2 (n) ^ {(g Q , gi ) e H^dn) x ^(d^d^-^lVtango + giv <E (H 1 / 2 ^))" 1 } 
72 : < , , (3.25) 

[ M !->■ 72M = (7D^ , 7ATW), 

zs well-defined, linear, bounded, onto, and has a linear, bounded right-inverse. The space {(ffo,3i) G 
iJ 1 (9f2) x L 2 (dQ; d"" 1 ^) | Vt an 9o + ffi^ £ (iJ 1 / 2 (9ri))™} m p.25[) is equipped with the natural norm 

{9o,9i) !-> ||.9o II //i (an) + HffilU^anid"-^) + ||V to „g + sHI(ffV=(an))»- (3-26) 
Furthermore, the null space of the operator (I3.25|) is given by 

ker( 72 ) := {w G tf 2 (fi) | 7d u = 7A ,ii = 0} = ff 2 (fi), (3.27) 
wt/j £/ie latter space denoting the closure ofC^°(tt) in H 2 (Q). 
Continuing to assume Hypothesis 13.11 we now introduce 

N 1/2 (drt) := {g G L 2 (dfl; d^uj) \gv 3 ;G H 1/2 (dQ), l<j<n}, (3.28) 
where the Vj 's are the components of i/. We equip this space with the natural norm 

n 

ll#lljvV2(an) : =^2\\9Vj\\m/2(dn)- (3-29) 
3=1 

Then iV 1 / 2 (^) is a reflexive Banach space which embeds continuously into L 2 (dfl; d n 1 w). Furthermore, 

N 1/2 (dfl) = H 1/2 (dfl) whenever fl is a bounded C 1 ' r domain with r > 1/2. (3.30) 

It should be mentioned that the spaces H 1 / 2 (dfl) and iV 1 / 2 (5f2) can be quite different for an arbitrary 
Lipschitz domain ft. Our interest in the latter space stems from the fact that this arises naturally when 
considering the Neumann trace operator acting on 

{ u g H 2 (n) I lD u = 0} = h 2 {vl) n H^(n), (3.31) 

considered as a closed subspace of H 2 {U) (hence, a Banach space when equipped with the ff 2 -norm). More 
specifically, we have (cf. [82 for a proof): 

Lemma 3.3. Assume Hypothesis VS. 11 Then the Neumann trace operator considered in the context 

7 jv : H 2 {n) n fl£(n) -> N 1/2 (dn) (3.32) 

is well-defined, linear, bounded, onto and with a linear, bounded right-inverse. In addition, the null space of 
7tv m ([332)1 is precisely H$(tt), the closure ofCg°(tt) in H 2 (fl). 
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Most importantly for us here is the fact that one can use the above Neumann trace result in order to 
extend the action of the Dirichlet trace operator (13. 16)) to dom(— A maX) n), the domain of the maximal 
Laplacian, that is, {u G L 2 (il;d n x) \Au G L 2 (il; d n x)} , which we consider equipped with the graph norm 
u H> |H|L 2 (f2;d™z) + II ^u\\L 2 (fi;d n x)- Specifically, with (iV 1 / 2 (9fi))* denoting the conjugate dual space of 
N 1 ^ 2 (dQ), we have the following result from [82] : 

Theorem 3.4. Assume Huvothesis \'S.l\ Then there exists a unique linear, bounded operator 

715 : {u G L 2 (fl;d n x) \ Au G L 2 {VL-d n x)} -> (TV 1 / 2 ^))* (3.33) 

which is compatible with the Dirichlet trace introduced in (|3.16l) . in the sense that, for each s > 1/2, one has 

j D u = -f D u for every u G H S (Q) with Au G L 2 (Q; d n x). (3.34) 

Furthermore, this extension of the Dirichlet trace operator in (|3.16[) allows for the following generalized 
integration by parts formula 

N l / 2 (dn)(^NW,^ D u) (N i/2 (gn) y = (Aw,ti) i ! (sl . Pl) - (w,Au) L nn. tt n x ), (3.35) 

valid for every u G L 2 (Q; d n x) with Au 6 L 2 (f2; d n x) and every w G H 2 {£1) n ifg(fi). 

We next review the case of the Neumann trace, whose action is extended to dom(— A max ^). To this end, 
we need to address a number of preliminary matters. First, assuming Hypothesis 13. 11 we make the following 
definition (compare with (13.281) ): 

N 3 ' 2 {d£l) := {g G H\dn) \ V tan g G (H^ 2 (dn)) n }, (3.36) 

equipped with the natural norm 

Il5l|jv3/ 2 (an) : = l|p||i 2 (0n;d' i - 1 w) + WVtan9\\(HW(dn)) n - (3.37) 

Assuming Hypothesis 13.11 N 3 ^ 2 (dQ) is a reflexive Banach space which embeds continuously into the space 
if 1 (9ri; d n_1 w). In addition, this turns out to be a natural substitute for the more familiar space H 3 ^ 2 (dfl) 
in the case where f2 is sufficiently smooth. Concretely, one has 

N 3 ^ 2 (dn) = H 3 ' 2 {8Vl), (3.38) 

(as vector spaces with equivalent norms), whenever Q is a bounded C 1,r domain with r > 1/2. The primary 
reason we are interested in N 3 ' 2 (dfl) is that this space arises naturally when considering the Dirichlet trace 
operator acting on 

{uG H 2 {n)\~/ N u = 0}, (3.39) 

considered as a closed subspace of H 2 (£l) (thus, a Banach space when equipped with the norm inherited 
from H 2 (Q)). Concretely, the following result has been established in [82] . 

Lemma 3.5. Assume Hupothesis 13.11 Then the Dirichlet trace operator jo considered in the context 

7d : {u G H 2 {Q) | lN u = 0} -> N 3/2 (dQ) (3.40) 

is well-defined, linear, bounded, onto and with a linear, bounded right-inverse. In addition, the null space of 
7d in (|3.40j) is precisely Hq(Q), the closure ofC'£°(Q) in H 2 (fl). 

It is then possible to use the Neumann trace result from Lemma 13.51 in order to extend the action of 
the Neumann trace operator (|3.18p to dom(— A max ^) = {u G L 2 (Q;d n x) | Ait G L 2 {p,;d n x)}. As before, 
this space is equipped with the natural graph norm. Let (N 3 l 2 (dtt))* denote the conjugate dual space of 
N 3 / 2 (dn). The following result holds: 

Theorem 3.6. Assume Hupothesis 13.11 Then there exists a unique linear, bounded operator 

7at : {u G L 2 (ft; d n x) | Au G L 2 (fl; d n x)} -> (N 3 l 2 {dtt))* (3.41) 

which is compatible with the Neumann trace introduced in (|3.18[) . in the sense that, for each s > 3/2, one 
has 

j N u = j N u for every u G H S (Q) with Au G L 2 (f2; d n x). (3.42) 
Furthermore, this extension of the Neumann trace operator from (|3 . 18[) allows for the following generalized 
integration by parts formula 

N3/2(dn)(lDW,j N u}( N 3/2( dn)) , = (w,Au) L 2( Q . d n x -) - {Aw,u) L -^u;d n x), (3.43) 
valid for every u G L 2 (fl; d n x) with Au G L 2 (^; d n x) and every w G H 2 (fl) with 7atw = 0. 
A proof of Theorem 13.61 can be found in [82] . 
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3.2. Perturbed Dirichlet and Neumann Laplacians. Here we shall discuss operators of the form — A+V 
equipped with Dirichlet and Neumann boundary conditions. Temporarily, we will employ the following 
assumptions: 

Hypothesis 3.7. Let n G N, n > 2, assume that fi C W 1 is an open, bounded, nonempty set, and suppose 
that 

V G L°°(n;d n x) and V is real-valued a.e. on f2. (3.44) 

We start by reviewing the perturbed Dirichlet and Neumann Laplacians Hp.n and -ff/v,f2 associated with an 
open set ft in ]R n and a potential V satisfying Hypothesis 13. 71 Consider the sesquilinear forms in L 2 (£l; d n x), 

Qd,si{u, v) = (Vu, Vu) + (u, Vv), u,v e dom(Q D , n ) = £tf(fi), (3.45) 

and 

QnMu,v) = {Vu,Vv) + {u,Vv), u,v EdomiQN^) = H 1 ^). (3.46) 

Then both forms in f|3 .45[) and (|3.46[) are densely, defined, closed, and bounded from below in L 2 (il; d n x). 
Thus, by the first and second representation theorems for forms (cf., e.g., |102[ Sect. VI. 2]), one concludes 
that there exist unique self-adjoint operators Ho,n and Hn,q in L 2 {Q; d n x), both bounded from below, 
associated with the forms Qd,cl and QN,n, respectively, which satisfy 

Qdxt,{u,v) — (it, H D siv), u g dom(QD,u), v G dom(H Dt n), (3.47) 

dom{H DtQ ) C dom (|ff A o| 1/2 ) - dom(Q AO ) = H%(Sl) (3.48) 

and 

Qn,q(u, v) = (u, H N>n v), u G dom(Qjv,a), v G dom(H Nt n), (3.49) 

dom(£Tjv,n) C dom ( | ^iv,^ 1 1/2 ) = dom(Qjv,n) - H\n). (3.50) 

In the case of the perturbed Dirichlet Laplacian, Hrj.n, one actually can say a bit more: Indeed, i?D,n 
coincides with the Friedrichs extension of the operator 

H CiQ u = (-A + V)u, u G dom(ff c ,o) := C °°(ft) (3.51) 

in L 2 {Vt;d n x), 

{H c>n ) F = H Di n, (3.52) 
and one obtains as an immediate consequence of (|2.19p and p. 451) 

H DtQ u = (-A + V)u, u G dom(H Di n) = {v e Hq(Q) \ Av G L 2 (tt;d n x)}. (3.53) 

We also refer to Sect. IV. 2, Theorem VII. 1.4]). In addition, Ho.n is known to have a compact resolvent 
and hence purely discrete spectrum bounded from below. 

In the case of the perturbed Neumann Laplacian, -ff/v^n, it is not possible to be more specific under this 
general hypothesis on 51 just being open. However, under the additional assumptions on the domain Q in 
Hypothesis 13.11 one can be more explicit about the domain of -ff/v,n and also characterize its spectrum as 
follows. In addition, we also record an improvement of (|3. 531) under the additional Lipschitz hypothesis on 
Q: 

Theorem 3.8. Assume Hypotheses 13.11 and \'6.1\ Then the perturbed Dirichlet Laplacian, Hri.n, given by 
H D ,nu = (-A + V)u, 

u G dom(# D) n) = {v G H X {Q) \ Av G L 2 (Q; (Fx), lD v = in H 1/2 {dfl)} (3.54) 
= {v G H%{Sl) I Av G L 2 {n ; d n x)}, 
is self-adjoint and bounded from below in L (Q,;d n x). Moreover, 

dom(\H D , n \ 1/2 ) = Hh(ty, (3.55) 
and the spectrum of Hr),n, is purely discrete {i.e., it consists of eigenvalues of finite multiplicity), 

o- ess (H D , Q ) = 0. (3.56) 
//, in addition, V > a.e. in Q, then Hrj t n is strictly positive in L (fl;d n x). 

The corresponding result for the perturbed Neumann Laplacian -ff/v,n reads as follows: 
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Theorem 3.9. Assume Hypotheses 13.11 and \'S.7\ Then the perturbed Neumann Laplacian, Hnq> given by 

H N>n u=(-A + V)u, (3.57) 

U G dom(H N . n ) = {d£ H l (Q) \ Av G L 2 (fl; d n x), j N v = in H- 1/2 (dn)}, 

is self-adjoint and bounded from below in L 2 (fl;d n x). Moreover, 

dom(\H N! n\ 1/2 )=H 1 (n) ) (3.58) 

and the spectrum of i?jv,n, is purely discrete (i.e., it consists of eigenvalues of finite multiplicity), 

o- ess (H N , Q ) = 0. (3.59) 

//, in addition, V > a.e. in Q, then iT/v.n is nonnegative in L 2 (fl;d n x). 

In the sequel, corresponding to the case where V = 0, we shall abbreviate 

- A_d i0 and - Ajv.o, (3.60) 

for Hrj.n and if/v.n, respectively, and simply refer to these operators as, the Dirichlet and Neumann Lapla- 
cians. The above results have been proved in [77l App. A], [83] for considerably more general potentials than 
assumed in Hypothesis 13.71 

Next, we shall now consider the minimal and maximal perturbed Laplacians. Concretely, given an open set 
il C K™ and a potential < V G L°°(0; d n x), we introduce the maximal perturbed Laplacian in L 2 (fl; d n x) 

H ma x,nu := (-A + V)u, 

u e dom{H max , n ) := {v G L 2 (0; d n x) | Av £ L 2 (Vt; d n x)}. ^' 6 ^ 
We pause for a moment to dwell on the notation used in connection with the symbol A: 

Remark 3.10. Throughout this manuscript the symbol A alone indicates that the Laplacian acts in the sense 
of distributions, 

A: T>'(Q) ->• X>'(f2). (3.62) 

In some cases, when it is necessary to interpret A as a bounded operator acting between Sobolev spaces, 
we write A e B(H s (il), H s ~ 2 (£l)) for various ranges of s £ R (which is of course compatible with p.62p ). 
In addition, as a consequence of standard interior elliptic regularity (cf. Weyl's classical lemma) it is not 
difficult to see that if Q C 1 is open, u G V(VL) and Au G L 2 oc (Sl; d n x) then actually u G Hf oc (Cl). In 
particular, this comment applies to u G dom(i/ maa;i f2) in (|3.61[) . 

In the remainder of this subsection we shall collect a number of results, originally proved in [82] when 
V = 0, but which are easily seen to hold in the more general setting considered here. 

Lemma 3.11. Assume Hypotheses 13.11 and 13.71 Then the maximal perturbed Laplacian associated with f2 
and the potential V is a closed, densely defined operator for which 

H 2 (n) C dom((H max>n )*) c{«e L 2 (fl;d n x) \ Au G L 2 (n-d n x), j D u = %u = 0}. (3.63) 

For an open set C K n and a potential < V G L°°(^l; d n x), we also bring in the minimal perturbed 
Laplacian in L 2 (il;d n x), that is, 

H mm ,nu := (-A + V)u, u G dom(H min . n ) := H 2 (n). (3.64) 

Corollary 3.12. Assume Hypotheses 13. II and 13. 71 Then H m i n si is a densely defined, symmetric operator 
which satisfies 

H m in,n C (H max ^)* and H max ^ C (H min ^)* . (3.65) 
Equality occurs in one (and hence, both) inclusions in (|3.65p if and only if 

Hq(Q.) equals {ue L 2 (Q;d n x)\Aue L 2 (n;d n x),j D u = j N u = 0}. (3.66) 

4. Boundary Value Problems in Quasi-Convex Domains 

This section is divided into three parts. In Subsection 14.11 we introduce a distinguished category of the 
family of Lipschitz domains in R", called quasi-convex domains, which is particularly well-suited for the kind 
of analysis we have in mind. In Subsection 14.21 and Subsection 14.31 we then proceed to review, respectively, 
trace operators and boundary problems, and Dirichlct-to-Neumann operators in quasi-convex domains. 
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4.1. The Class of Quasi-Convex Domains. In the class of Lipschitz domains, the two spaces appearing 
in (|3.66l) are not necessarily equal (although, obviously, the left-to-right inclusion always holds). The question 
now arises: What extra properties of the Lipschitz domain will guarantee equality in f|3 .66[) ? This issue has 
been addressed in [82], where a class of domains (which is in the nature of best possible) has been identified. 

To describe this class, we need some preparations. Given n > 1, denote by MH 1 / 2 {W l ) the class of 
pointwise multipliers of the Sobolev space iJ 1 / 2 (IR™). That is, 

MH^iW 1 ) := {/ e Ll oc {W l ) | M f e B(H 1 / 2 (M n ))}, (4.1) 

where Mr is the operator of pointwise multiplication by /. This space is equipped with the natural norm, 
that is, 

II/IIm_w 1 /2(r«) := ||^/IIb(jji/2(b»))- (4.2) 
For a comprehensive and systematic treatment of spaces of multipliers, the reader is referred to the 1985 
monograph of Maz'ya and Shaposhnikova |126j . Following [126] . |127j . we now introduce a special class of 
domains, whose boundary regularity properties are expressed in terms of spaces of multipliers. 

1/2 

Definition 4.1. Given 5 > 0, call a bounded, Lipschitz domain Cl C M. n to be of class MH S , and write 

dfl £ MHg /2 , (4.3) 

provided the following holds: There exists a finite open covering {Cj}i<j<v of the boundary dQ of fl such 
that for every j 6 {1, N}, Oj n Cl coincides with the portion of Oj lying in the over-graph of a Lipschitz 
function ipj : ]R™ -1 — > K (considered in a new system of coordinates obtained from the original one via a 
rigid motion) which, additionally, has the property that 

V Vj G (MH 1 ' 2 ^- 1 )) 71 and W^mhU^-^ < &■ (4-4) 

Going further, we consider the classes of domains 

MHU 2 := |J MH 1 / 2 , MH l ' 2 := f) MH 1 / 2 , (4.5) 

<5>0 8>0 

and also introduce the following definition: 

Definition 4.2. We call a bounded Lipschitz domain f2 C K™ to be square-Dini, and write 

dn e SD, (4.6) 

provided the following holds: There exists a finite open covering {Cj}i<j<v of the boundary dtt of Q such 
that for every j 6 {1, N}, Oj D Q coincides with the portion of Oj lying in the over-graph of a Lipschitz 
function ipj : — > K (considered in a new system of coordinates obtained from the original one via a 
rigid motion) which, additionally, has the property that the following square-Dini condition holds, 

"f(^) 2 <oo. ,,7, 

Here, given a (possibly vector-valued) function f in IR™ , 

tj(f;t) := sup {\f(x) ~ f(y)\\x,yeR n -\ \x-y\<t}, t G (0,1), (4.8) 
is the modulus of continuity of f , at scale t. 

From the work of Maz'ya and Shaposhnikova (1 26] |127j . it is known that if r > 1/2, then 

n e c 1,r =*> n e sd => n e mhI' 2 =>ne mhH 2 . (4.9) 

1 /2 

As pointed out in [127] . domains of class MHol can have certain types of vertices and edges when n > 3. 
Thus, the domains in this class can be nonsmooth. 

Next, we recall that a domain is said to satisfy a uniform exterior ball condition (UEBC) provided there 
exists a number r > with the property that 

for every x € there exists y el", such that B(y, r) fl CI = 
andi edB(y,r)ndn. 

Heuristically, (|4.10l) should be interpreted as a lower bound on the curvature of dCl. Next, we review the 
class of almost-convex domains introduced in |131j . 

Definition 4.3. A bounded Lipschitz domain fl C K™ is called an almost-convex domain provided there 
exists a family {f^}^ e N of open sets in K™ with the following properties: 
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(i) dfl e S C 2 and W t C £1 /or every feN. 

(m) Of /* Q as £ oo, in the sense that fie C fle+i for each £ G N and IJ^gn ^ = ^ p 
(m) There exists a neighborhood U of dfl and, for each £ G N, a C 2 real-valued function pe defined in U 
with the property that pi < on U D Qj>, pe > in U\Qe, and pe vanishes on dfle- In addition, it is 
assumed that there exists some constant C\ G (l,oo) such that 

Cf 1 < \Vpt{x)\ < C u xedn e ,£eN. (4.11) 

(iv) There exists C% > such that for every number £ GN, every point x 6 dQg, and every vector £ G K n 
which is tangent to dfle oi x, there holds 

(Hess(p,)£,0>-C 2 |£| 2 , (4.12) 

where { ■ , ■ ) is the standard Euclidean inner product in W 1 and 

ttess(p e ):=(J-^-) , (4.13) 



\9XjdXky 1 < J - fc <„ 
is the Hessian of pe. 

A few remarks are in order: First, it is not difficult to see that (|4.11[) ensures that each domain fie is Lipschitz, 
with Lipschitz constant bounded uniformly in £. Second, (|4.12l) simply says that, as quadratic forms on the 
tangent bundle Tdile to dfle, one has 

Hess(p,) > -C 2 I n , (4.14) 

where /„ is the n x n identity matrix. Hence, another equivalent formulation of (14. 12)) is the following 
requirement: 

n n n ft 

£ o7lk c,u - ~° 2 ^ ^' whenever 91 - and E a^fc = °- ( 4 - 15 ) 

j,k=l 3 j=l j=l 3 

We note that, since the second fundamental form lie on dQe is He — Hess pe/\Vpe\, almost-convexity is, in 
view of (|4.1ip . equivalent to requiring that He be bounded from below, uniformly in £. 
We now discuss some important special classes of almost-convex domains. 

Definition 4.4. A bounded Lipschitz domain fl C R n satisfies a local exterior ball condition, henceforth 
referred to as LEBC, if every boundary point xo G d£l has an open neighborhood O which satisfies the 
following two conditions: 

(i) There exists a Lipschitz function ip : 1R™" 1 — > M with y>(0) = such that if D is the domain above 

the graph of ip, then D satisfies a UEBC. 
(ii) There exists a C ' diffeomorphism T mapping O onto the unit ball B(0, 1) in K n such that T(xo) = 0. 
T(C n O) = B(0, 1) n D, T(0\H) = B(0, l)\D. 

It is clear from Definition 14.41 that the class of bounded domains satisfying a LEBC is invariant under C 1,1 
diffeomorphisms. This makes this class of domains amenable to working on manifolds. This is the point of 
view adopted in |131) . where the following result is also proved: 

Lemma 4.5. If the bounded Lipschitz domain fl C K. n satisfies a LEBC then it is almost- convex. 

Hence, in the class of bounded Lipschitz domains in R™, we have 

convex => UEBC => LEBC almost-convex. (4.16) 

We are now in a position to specify the class of domains in which most of our subsequent analysis will be 
carried out. 

Definition 4.6. Let n G N, n > 2, and assume that 51 C R n is a bounded Lipschitz domain. Then 51 is called 
a quasi- convex domain if there exists 6 > sufficiently small (relative to n and the Lipschitz character of 
Q), with the following property that for every x G dfl there exists an open subset Vl x of Vl such that dfindfl x 
is an open neighborhood of x in dfl, and for which one of the following two conditions holds: 

(i) Q x is of class MH^ 2 ifn>3, and of class C 1 ^ for some 1/2 < r < 1 if n = 2. 

(ii) fl x is an almost-convex domain. 

Given Definition 14.61 we thus introduce the following basic assumption: 
Hypothesis 4.7. Let n G N, n > 2, and assume that fl C R™ is a quasi-convex domain. 
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Informally speaking, the above definition ensures that the boundary singularities are directed outwardly. 
A typical example of such a domain is shown in Fig. Q] below. 




Figure 1 . A quasi-convex domain. 

Being quasi-convex is a certain type of regularity condition of the boundary of a Lipschitz domain. The 
only way we are going to utilize this property is via the following elliptic regularity result proved in |82] . 

Proposition 4.8. Assume Huvotheses \'6.7\ and \A.7[ Then 

dom (H D , n ) C H 2 {il), dom (H N ,a) C H 2 {VL). (4.17) 

In fact, all of our results in this paper hold in the class of Lipschitz domains for which the two inclusions in 
gTflt hold. 

The following theorem addresses the issue raised at the beginning of this subsection. Its proof is similar 
to the special case V = 0, treated in [82 . 

Theorem 4.9. Assume Hypotheses 13.71 and \A.7\ Then (|3.66p holds. In particular, 
dom(ff mmi n) = H 2 (Q) 

= {u G L 2 {VL; d n x) | Am G L 2 (0; d n x), ^ D u = ^ N u = 0}, (4.18) 
dom{H maX: n) = {b6 L 2 (fl;d n x) \ Au G L 2 {n-d n x)}, (4.19) 

and 

H m in,Q. = (Hmax,n)* 0,nd HraaxSl = (H m in,Q)* ■ (4.20) 

We conclude this subsection with the following result which is essentially contained in [55] . 

Proposition 4.10. Assume Hvvotheses \3A\ and \3.7l Then the Friedrichs extension of (—A + V)|croo(Q) in 

L (Q; d n x) is precisely the perturbed Dirichlet Laplacian Hr>.n- Consequently, if Hvvothesis \A.7\ is assumed in 
place of Hvvothesis \3A[ then the Friedrichs extension of H m i n ^ in (|3.64p is the perturbed Dirichlet Laplacian 
H D ,n. 

4.2. Trace Operators and Boundary Problems on Quasi-Convex Domains. Here we revisit the 
issue of traces, originally taken up in Section^ and extend the scope of this theory. The goal is to extend 
our earlier results to a context that is well-suited for the treatment of the perturbed Krein Laplacian in 
quasi-convex domains, later on. All results in this subsection are direct generalizations of similar results 
proved in the case where V = in [52] . 

Theorem 4.11. Assume Hvvotheses \'6.7\ and 14. 71 and suppose that z € C\a(Ho,n)- Then for any functions 
f G L 2 (Q; d n x) and g G (N 1 ^ 2 (dfl))* the following inhomogeneous Dirichlet boundary value problem 

(-A + V - z)u = / in fl, 

u G L 2 (fl; d n x), (4.21) 
7£>u = g on dfl, 
has a unique solution u = un- This solution satisfies 

\\uD\\mn-.d"x) + \\jNU D \\(N3/2(dn))-> < Cx>(||/IU 2 (n;d»a:) + ||si|(jvi/2(8n))*) ( 4 - 22 ) 

for some constant Co = Cx>(0, V,z) > 0, and the following regularity results hold: 

g G H l (dfl) implies u D G H 3/2 (Q), (4.23) 
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g G -f D (H 2 (fl)) implies u D G H 2 (fl). (4.24) 

In particular, 

g = implies u D G H 2 (fl) n H^(Q). (4.25) 
Natural estimates are valid in each case. 

Moreover, the solution operator for (|4.21[) with f — (i.e., Pd.q,v.z '■ 9 l— ► ""£>) satisfies 

P D ,n,v,z - [7Jv(ffi3,o - z/n)- 1 ]* G ^((TV 1 / 2 ^))*, L 2 (ft; cTz)) , (4.26) 
and fie solution of (|4.2ip is given by the formula 

u D = (H D>n - ^n)" 1 / - [7Jv(Bu,n -*/n)~ j V (4.27) 
Corollary 4.12. Assume Hvpotheses \3.7\ and !4.7l XTien /or every z G C\c(.ffD n) fie map 

713 : {n G L 2 (0; d"x) | (-A + V - z)w = infi} -> (iV 1 / 2 ^))* (4.28) 
is an isomorphism (i.e., bijective and bicontinuous) . 

Theorem 4.13. Assume Hypotheses 13.71 ana' 14.71 and suppose that z G C\cr(iJjv,n) ■ 27ien /or any functions 
f 6 L 2 (J7;e2™x) and g G (,/V 3 / 2 (<9fi))* £/ie following inhomogeneous Neumann boundary value problem 

' (-A + V - z)u = f in fl, 

u G L 2 (Vl;d n x), (4.29) 
,Jnu = g on dfl, 
has a unique solution u = un- This solution satisfies 

\\UN\\L2(Sl;d n x) + \\lDU N \\(Ni/2(dn))* < C N (\\ f \\ (n-,d*<- x) + \\9\\(NV2(dU))*) (4.30) 

for some constant Cn — Cn(Q, V, z) > 0, and the following regularity results hold: 

g G L 2 (dQ;d n - 1 u)) implies u N G H 3/2 (fl), (4.31) 

g E -f N (H 2 (n)) implies u N e H 2 (Vl). (4.32) 

Natural estimates are valid in each case. 

Moreover, the solution operator for (|4.29j) with / = (i.e., Pn,u.v,z ■ g l— ► un) satisfies 

Pn,u,v,z = [iD^N^-zIn)- 1 }* G B((N 3 ' 2 (d£l))* ,L 2 (£l;d n x)), (4.33) 
and £/ie solution of (|4.29[) is given by the formula 

u N = (H N>n - zln)' 1 ! + [id(H n ,u - zln)- 1 } *g. (4.34) 
Corollary 4.14. Assume Huvotheses 13.71 and l4.7l Then, for every z G C\cr(ifAr j o), fie map 

7jv : {w G L 2 (0; d"x) | (-A + V - z)u = in ft} -> (7V 3/2 (dft))* (4.35) 
is an isomorphism (i.e., bijective and bicontinuous). 

4.3. Dirichlet-to-Neumann Operators on Quasi-Convex Domains. In this subsection we review spec- 
tral parameter dependent Dirichlet-to-Neumann maps, also known in the literature as Weyl-Titchmarsh and 
Poincare-Steklov operators. Assuming Hypotheses 13.71 and 14. 7\ introduce the Dirichlet-to-Neumann map 
Mr> t N,n,v( z ) associated with —A + V — z on Q, as follows: 

, , f (N^fdn))* ->■ (NV 2 (dn))*, 4 , , , 

AWvW: 1 V '' V ^ V ^ zeC\a(H D , a ), (4.36) 

[ / ^ ~1NU D , 

where uo is the unique solution of 

(-A + y-z)M = in O, u £ L 2 (Vl;d n x), 7 D m = / on (4.37) 

Retaining Hypotheses 13 . 71 and 14.71 we next introduce the Neumann-to-Dirichlet map Mft,D,n,v(z) associated 
with —A + V — z on f2, as follows: 

M„, D , nA >y.H N ''^Y^r^ m >r- , 6CWW (4.38) 

[ g idun, 

where un is the unique solution of 

(-A + V- z)ji = inO, u G L 2 (ft; tfx), tV« = 5 on dfl. (4.39) 
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As in [52], where the case V = has been treated, we then have the following result: 
Theorem 4.15. Assume Hvpotheses \3.7\ and \A.7\ Then, with the above notation, 

M DtN ,a,v(z) £ £((7V 1/2 (c>ft))* , (N 3 / 2 (dn))*), z e C\a(H D , n ), (4.40) 

and 

M D ^ n ,v(z) = J N ['yN(H D ,n-zIn)- 1 ]*, zeC\a(H D ^)- (4.41) 

Similarly, 

M NiDiQtV {z) G B((N 3 / 2 (dn))* , (N^idQ))*), z G C\a(H NiSi ), (4.42) 

and 

M N , Dt n,v(z) = lD[7D(H N ,n-zI n )- 1 ]*, zGC\a{H N , Q ). (4.43) 

Moreover, 

M N , DiQ , v (z) = -MoMnyiz)- 1 , z G C\(a(H D , n ) U tr(H N , a )), (4.44) 

and 

[M D , N , n ,v(z)]* = M DtNtQt v(z), [M N ,D,n : v(z)Y = M N:D ,n,v(z). (4.45) 
As a consequence, one also has 

M D<N , n ,v(z) 6 B(N^ 2 (dn) , N^ 2 (dn)), z G C\a(H D ,n), (4.46) 

M N ^ny(z) G B(N^ 2 (dQ) , iV 3/2 (dfi)), z 6 C\<r(ffjv,n). (4.47) 

For closely related recent work on Weyl-Titchrnarsh operators associated with nonsmooth domains we 
refer to [73] , [SO] , [SI] , [SI] , and [S3] • For an extensive list of references on z-dependent Dirichlet-to-Neumann 
maps we also refer, for instance, to [7J, Q3], [15], [32], [44], [46], [47], [48], [49], [60], [61], [77]-[83], [91], [141], 

ma, esi, ma. 

5. Regularized Neumann Traces and Perturbed Krein Laplacians 

This section is structured into two parts dealing, respectively, with the regularized Neumann trace operator 
(Subsection I5.1[) . and the perturbed Krein Laplacian in quasi-convex domains (Subsection 15.21) . 

5.1. The Regularized Neumann Trace Operator on Quasi-Convex Domains. Following earlier work 
in [82j , we now consider a version of the Neumann trace operator which is suitably normalized to permit the 
familiar version of Green's formula (cf. (|5.8[) below) to work in the context in which the functions involved 
are only known to belong to dom(— A max n). The following theorem is a slight extension of a similar result 
proved in [82] when V = Q. 

Theorem 5.1. Assume Hvpotheses \3.7\ anc? l4.7l Then, for every z £ C\a(Ho,n), the map 

tn,v,z ■ {u G L 2 (n;d n x); Au G L 2 (fl;d n x)} -> N 1/2 (dfl) (5.1) 

given by 

t n ,V,zU:=j n u + M D ,N,n,v{z)iciDu), u G L 2 ! (fi; d" x) , Au G L 2 (il; d n x), (5.2) 
is well-defined, linear and bounded, where the space 

{u G L 2 (fl; d n x) | Au G L 2 (n- d n x)} (5.3) 

is endowed with the natural graph norm u H> ||w||i,2(n;d"a) + || Au]|£2(Q.^n x ) ■ Moreover, this operator satisfies 
the following additional properties: 

(i) The map tn,v,z in (|5.1j) . ()5.2j) is onto (i.e., TN,v.z(dom(H max ^a)) — A fl / 2 (9r2)), for each z G 
C\ff(ff D ,n). In fact, 

T N ^ z (H 2 (n) n i?o(0)) = N 1/2 (dn) for each z G C\a(H D , a ). (5.4) 

(ii) One Aas 

t~jv,v> = Jn(Hd,q - zI n )~ 1 (~A - z), z G £\o-{H D . n ). (5.5) 
(m) For eac/i z G C\a(HD,n), the kernel of the map tn,v, z in (|5.1|) . (|5.2|) is 

ker^v,^) = i? 2 (fi)+{?i G L 2 (ft; d"x) | (-A + V- z)u = m 17}. (5.6) 
In particular, if z G C\o"(ifrj,o)> i/ien 

tn,v, z u = /or euerw u G ker(i? max , fi - z/^). (5.7) 
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(iv) The following Green formula holds for every u,v G dom(H max fi) and every complex number z G 
C\a(H Dfl ): 

((-A + V - z)u , v) L 2( U;d „ x) - (u , (-A + V — z)v) L 2 (n . dnx) 



- -N 1 / 2 (dn)( T N,v,zU,j D v)(N 1 / 2 (dn)y + N 1 / 2 (dn){ T N,v.jv,j D u) {N i/2 {dn ^,. (5.8) 

5.2. The Perturbed Krein Laplacian in Quasi-Convex Domains. We now discuss the Krein-von Neu- 
mann extension of the Laplacian — A , . perturbed by a nonnegative, bounded potential V in L 2 (fl; d n x). 

We will conveniently call this operator the perturbed Krein Laplacian and introduce the following basic as- 
sumption: 

Hypothesis 5.2. (i) Let n G N, n > 2, and assume that ^ 57 C R" is a bounded Lipschitz domain 
satisfying Hypothesis 14.71 
(ii) Assume that 

V G L°°(n;d n x) and V > a.e. in O. (5.9) 

Denoting by T the closure of a linear operator T in a Hilbert space TL, we have the following result: 

Lemma 5.3. Assume Huvothesis \5.2\ Then H m i n ^ is a densely defined, closed, nonnegative (in particular, 
symmetric) operator in L 2 (fi; d n x) . Moreover, 



(-A + V)\ cso(Q) =H min , n . (5.10) 

Proof. The first claim in the statement is a direct consequence of Theorem 14.91 As for (|5.10[) , let us tem- 
porarily denote by Hq the closure of —A + V defined on C^°(fl). Then 

. , | there exist v G L 2 (Q;d n x) and Uj G Cn°(Q), j G N, such that . . 

u G dom(_ffo) if and only if < (5-H) 

I itj — y u and (—A + Vjuj — > v in L (fl;d n x) as j — > oo. 

Thus, if u G dom(i?o) and v, {uj} je N are as in the right-hand side of (|5.11[) . then (—A + V)u = v in the 
sense of distributions in f2, and 

= jDUj -> JdU in (A^ 1 / 2 (9fi))* as j -> oo, 

= 7ArMj — > 7atw in as j oo, 

by Theorem 13.41 and Theorem 13.61 Consequently, u G dom(H max ^) satisfies tdu = and 7atu = 0. 
Hence, u G H 2 (Tt) = dom(i? m i ni n) by Theorem 14.91 and the current assumptions on 51. This shows that 
Ho C Hmin^. The converse inclusion readily follows from the fact that any u G H 2 (il) is the limit in H 2 (fl) 
of a sequence of test functions in O. □ 



Lemma 5.4. Assume Hypothesis 15.21 TTien £/ie Krein-von Neumann extension Hksi of (—A + V) 
m L 2 (fl; d n x) is the L 2 -realization of —A + V with domain 

dom(H K ^) = dom(H min: n) + kei(H maXt n) 

= H^(n) + {u G L 2 (ft;d n x) | (-A + F)u = infl}. 



C °°(O) 



(5.13) 



Proo/. By virtue of (|2~T0l) , (|4~20|) . and the fact that (-A + V)\ c °°(q) and its closure, H mi , h n (cf. (jBTTOlO 
have the same self-adjoint extensions, one obtains 

dom(i?^^) = dom(H mini n) +ker((H min , n )*) 

= dom(H min .n) + ker(H maXi n) 

= H^(Q) + {u G L 2 (fl;d n x) | (-A + V)u = in fl}, (5.14) 
as desired. □ 

Nonetheless, we shall adopt a different point of view which better elucidates the nature of the boundary 
condition associated with this perturbed Krein Laplacian. More specifically, following the same pattern as 
in [82], the following result can be proved. 



Theorem 5.5. Assume Hypothesis \5.2\ and fix z G C\a(Hu t Q). Then Hk,q., z in L 2 (Q; d n x), given by 

H K ,n,zU := (-A + V - z)u, 

u G dom(H K ,n iZ ) := {v G dom(iJ ma:l;! o) | T N y >z v = 0}, 
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satisfies 

{H K ,a,zT = H K ,n,z, (5.16) 
and agrees with the self-adjoint perturbed Krein Laplacian Hk.u — HK,n.a when taking z — 0. In particular, 
if z G R\a(Ho.n) then Hk,q,,z is self-adjoint. Moreover, if z < 0, then Hk.u.z is nonnegative. Hence, the 
perturbed Krein Laplacian Hk.q, is a self -adjoint operator in L 2 (Q,;d n x) which admits the description given 
in (|5.15j) when z — 0, and which satisfies 

H K ,n > and H mirii n C H K ,n Q Hmax.n- (5-17) 

Furthermore, 

ker(H K . n ) = {u G L 2 {VL; d n x) | (-A + V)u = 0}, (5.18) 

dim(ker(tf K ,n)) = dei(H min , n ) = dcf((-A + V)| cgo(n) ) - oo, (5.19) 

ran(H K , n ) - (-A + V)H 2 (n), (5.20) 

Hk,o. has a purely discrete spectrum in (0, oo), cr e ss(^i<",o) — {0}, (5-21) 

and for any nonnegative self-adjoint extension S of (—A + V)\c<=°(p) one has {cf. (|2.5[1 ). 

H K ,n <S< H D , a . (5.22) 

The nonlocal boundary condition 

tn,v,ov = jnv + Mo,N,n,v(0)v = 0, v £ dom(HK,n) (5.23) 

(cf. (|5. 15)) 'l in connection with the Krein-von Neumann extension Hk,si, in the special one-dimensional 
half- line case ft = [a, oo) has first been established in |163j . In terms of abstract boundary conditions 
in connection with the theory of boundary value spaces, such a condition has been derived in |62j and 
[63j . However, we emphasize that this abstract boundary value space approach, while applicable to ordinary 
differential operators, is not applicable to partial differential operators even in the case of smooth boundaries 
dQ (see, e.g., the discussion in [32 ). In particular, it does not apply to the nonsmooth domains Q studied 
in this paper. In fact, only very recently, appropriate modifications of the theory of boundary value spaces 
have successfully been applied to partial differential operators in smooth domains in [32], [46], [47], [48], 
[141) . |142| . |147j . [148] . and |149j . With the exception of the following short discussions: Subsection 4.1 in 
[32] (which treat the special case where fl equals the unit ball in ]R 2 ), Remark 3.8 in [46], Section 2 in [147) . 
Subsection 2.4 in [148] . and Remark 5.12 in |149j . these investigations did not enter a detailed discussion of 
the Krein-von Neumann extension. In particular, none of these references applies to the case of nonsmooth 
domains f2. 

6. Connections with the Problem of the Buckling of a Clamped Plate 

In this section we proceed to study a fourth-order problem, which is a perturbation of the classical 
problem for the buckling of a clamped plate, and which turns out to be essentially spectrally equivalent to 
the perturbed Krein Laplacian Hk,q. '■= Hk,q...o- 

For now, let us assume Hypotheses 13.11 and 13.71 Given A £ C, consider the eigenvalue problem for the 
generalized buckling of a clamped plate in the domain fi C K n 

' u G dom(-A TOoa;) n) ) 
(- A + Vfu = A (-A + V)u in O, 

7dm = in (N^idn))*, { ' 

^ N u = in (N 3 / 2 (dQ))*, 

where (—A + V) 2 u := (—A + V)(— Au + Vu) in the sense of distributions in il. Due to the trace theory 
developed in Sections [3] and [4] this formulation is meaningful. In addition, if Hypothesis 14.71 is assumed in 
place of Hypothesis 13.11 then, by (|3.66[) , this problem can be equivalently rephrased as 



u g H 2 (n), 

(-A + Vfu = A (-A + V)u in il. 



.. , , , „ ( 6 -2) 



Lemma 6.1. Assume Hypothesis 15.21 and suppose that u ^ solves (|6.1|) for some A G C. Then necessarily 
A G (0,oo). 
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Proof. Let u, A be as in the statement of the lemma. Then, as already pointed out above, u G Hq(XY). Based 
on this, the fact that Ait € dom(— A ma2 ;.n), and the integration by parts formulas (|3.21l) and (|3.35[) . we may 
then write (we recall that our L 2 pairing is conjugate linear in the first argument): 

A[l|Vu||f i2(n . dnx))n + \\V^u\\\ LWnx))r ] = A (u, (-A + V)u) L 2 {Q;d n x) 

= (u , A (-A + V)u) L 2 {n . dnx) = (u, (-A + Vfu) L2{n . dnx) 

= (u, (-A + V)(-Au + Vu)) L 2 (n . dnx) = ((-A + V)u, (-A + V)u) LHQ;d » x) 

= \\(-A + V)u\\l Hn . dnx) . (6.3) 

Since, according to Theorem l4.Hl L 2 (fl; d n x) 3u^0 and tdu — prevent u from being a constant function, 
(16.31) entails 



\\(-A + V)u\\l 2{n]dnx) 

HVtill^n^.,). + \W^u\\ 2 {L ^ x)r > ' 1 ■ ) 

as desired. □ 

Next, we recall the operator Pd,q,v,z introduced just above (|4.26p and agree to simplify notation by 
abbreviating Pd,q,v ■ = PD,n,v,o- That is, 

Po.ny = [MHdv)- 1 ]* e B{(N 1 ' 2 (dn)Y 1 L 2 (n-d n x)) (6.5) 

is such that if u := Pd,q,v9 for some g £ (N 1 ^ 2 (dVl))* , then 

'(-A + F)u = Oin n, 

u e L 2 (n;d n x), (6.6) 
jDii = g on c?£7. 
Hence, 

(-A + V)P D ,n,v = 0, 

1nPd,si,v = — -Mn,Ar,a,v(0) and 7D-PD,n,v = I(N 1 / 2 (on))*i 
with J r (7v 1 /2(ao)). the identity operator, on (iV 1 / 2 (9fi)) *. 

Theorem 6.2. Assume Hypothesis 15.21 1/ ^ i; £ L 2 (f2;d™a;) is an eigenfunction of the perturbed Krein 
Laplacian Hx.n corresponding to the eigenvalue O^AgC (hence A > 0), tten 

u := u - PD,rj,y(7/3?;) (6.8) 

is a nontrivial solution of (|6.ip . Conversely, if ^ w G L (fi; cP:e) solves (|6.1|) /or some A G C i/ien X is a 
(strictly) positive eigenvalue of the perturbed Krein Laplacian Hx,n, and 

v := X-\-A + V)u (6.9) 

is a nonzero eigenfunction of the perturbed Krein Laplacian, corresponding to this eigenvalue. 

Proof. In one direction, assume that 0/u£ L 2 (Q', d n x) is an eigenfunction of the perturbed Krein Laplacian 
Hk,q corresponding to the eigenvalue ^ A G C (since Hk,u > - cf. Theorem 15.51 - it follows that A > 0). 
Thus, v satisfies 

v G dom(H max , n ), (-A + V)v = X v, r N y fi v = 0. (6.10) 

In particular, tdu G ( y N 1 / 2 (dfl))* by Theorem 13.41 Hence, by (|6.5p . u in (16.81) is a well-defined function 
which belongs to L 2 (fl;d n x). In fact, since also (—A + V)u = (—A + V)v G L 2 (Q;d n x), it follows that 
u G dom(_ff mQXj n). Going further, we note that 

(-A + V) 2 u = (-A + V)(-A + V)u = (-A + V)(-A + V)v 

= X(-A + V)v = X(-A + V)u. ^ 6 ' U ^ 

Hence, (-A + V) 2 u = X (-A + V)u in fl. In addition, by (UTTj) . 

j D u = JdV - lD(PD,n.y(lDv) = Jdv - 7d v = 0, (6-12) 

whereas 

7atw = 7atw - Jn(Pd,q,v(idv) = inv + M D , N , n y(0)(j D v) = T N>Vfi v = 0, (6.13) 
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by the last condition in (|6.10[) . Next, to see that u cannot vanish identically, we note that u = would imply 
v = PD,n,v(jDv) which further entails Xv = (—A + V)v = (—A + V)PD.a,v(jDv) = 0, that is, v = (since 
A / 0). This contradicts the original assumption on v and shows that u is a nontrivial solution of (16.11) . 
This completes the proof of the first half of the theorem. 

Turning to the second half, suppose that A £ C and O^uG L 2 (fl; d n x) is a solution of (|6.1j) . Lemma IBTTI 
then yields A > 0, so that v := X~ 1 (—A + V)u is a well-defined function satisfying 

v £ dom(tf max , n ) and (-A + V)v = A" 1 (-A + V) 2 u = (-A + V)u = Xv. (6.14) 

If we now set w :— v — u £ L 2 (Vt;d n x) it follows that 

(- A + V)w = (- A + V)v - (- A + V)u = Xv - Xv = 0, (6.15) 

and 

^ N w = 7jv«, 7b«) = 7r>v- (6.16) 
In particular, by the uniqueness in the Dirichlet problem (|6.6I) . 

w = PD,n,v(jDv). (6-17) 



Consequently, 
which shows that 



Jnv = %w = %(Pd,q,v(jdv) = -M DtNt n tV (0)(%v), (6.18) 



tn,v,qv = ^nv + M DtNr Q, v (Q)(i D v) = 0. (6.19) 
Hence v £ dom.(HK,u)- We note that v — would entail that the function u £ Hq{Q) is a null solution 
of —A + V, hence identically zero which, by assumption, is not the case. Therefore, v does not vanish 
identically. Altogether, the above reasoning shows that v is a nonzero eigenfunction of the perturbed Krein 
Laplacian, corresponding to the positive eigenvalue A > 0, completing the proof. □ 



Proposition 6.3. (i) Assume Hypothesis 15.21 and let =/= v be any eigenfunction of Hk,q. corresponding to 
the eigenvalue ^ X £ a{Hx,n)- In addition suppose that the operator of multiplication by V satisfies 

M v £ B(H 2 {n),H s (fl)) for some 1/2 < s < 2. (6.20) 

Then u defined in (I6.8[) satisfies 

u £ H 5/2 (fl), implying v £ H 1/2 {Vl). (6.21) 

(ii) Assume the smooth case, that is, dtt is C°° and V £ C°°(Q), and let ^ v be any eigenfunction of 
Hk,Q corresponding to the eigenvalue ^ A £ cr(HK.n)- Then u defined in ()6.8[) satisfies 

ueC°°(n), implying v £ C°°(0). (6.22) 

Proof, (i) We note that u £ L 2 (fl;d n x) satisfies %(u) = 0, j N (u) = 0, and (-A + V)u = (-A + V)v 
A i £ L 2 (fl;d n x). Hence, by Theorems 14.91 and 14.111 we obtain that u £ Hq(Q). Next, observe that 
(-A + V) 2 u = X 2 v £ L 2 (fi; d n x) which therefore entails A 2 u £ H s - 2 (tt) by ([QU|l . With this at hand, the 
regularity results in [140] (cf. also [5] for related results) yield that u £ H 5 / 2 (Q). 

(ii) Given the eigenfunction ^ v of Hkq, (|6.8|) yields that u satisfies the generalized buckling problem 
(|6.1[) . so that by elliptic regularity u £ C°°(f2). By (|6.9p and (|6. 10[) one thus obtains 

Aw = (-A + V)v = (-A + V)u, with it £ C*°°(fi), (6.23) 

proving (|6T2"2l . □ 

In passing, we note that the multiplier condition (|6.20[) is satisfied, for instance, if V is Lipschitz. 

We next wish to prove that the perturbed Krein Laplacian has only point spectrum (which, as the 
previous theorem shows, is directly related to the eigenvalues of the generalized buckling of the clamped 
plate problem). This requires some preparations, and we proceed by first establishing the following. 



Lemma 6.4. Assume Hypothesis 15.21 Then there exists a discrete subset Aq of (0, oo) without any finite 
accumulation points which has the following significance: For every z £ C\A^ and every f £ H~ 2 (£l), the 
problem 

iueH 2 (n), 

\(-A + V)(-A + V - z)u = f in fi, 
has a unique solution. In addition, there exists C — C(fl,z) > such that the solution satisfies 

\\u\\ HH n) < C\\f\\ H - Hn) . (6.25) 
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Finally, if z G Aq, then there exists u ^ satisfying (|6.2p . In fact, the space of solutions for the problem 
(|6.2[) is, in this case, finite- dimensional and nontrivial. 

Proof. In a first stage, fix z G C with Re(z) < —M, where M = M(0, V) > is a large constant to be 
specified later, and consider the bounded sesquilinear form 

avA-,-)-H^(n)xH^(n)^c, 

a v>z (u, v) := ((-A + V>, (-A + V>)z»(n;*>*) + (^ 1/2 «, V^v) L2(n . dnx) (6.26) 

-z(Vu,Vi;) (L 2 (n . (i „ 2;)) „, u,d G i?o( fi )- 

Then, since / G ff~ 2 (£!) = (-ffo(O))*, the well-posedness of (|6.24l) will follow with the help of the Lax- 
Milgram lemma as soon as we show that (fB~26|) is coercive. To this end, observe that via repeated integrations 
by parts 



d 2 u 



dxjdxk 



zJ2 I <'"■>■ 



dxj 



(6.27) 



j d n x \V 1/2 u +2 Re ^ 


J d n xAuVT?J 







u G Co°°(ft). 



We note that the last term is of the order 

0(||V|U» (n . < ,» a:) ||Au|| La( n; ( j» SB )||«||La(n;d»x)) (6-28) 
and hence, can be dominated by 

CnU~ ( n ;(i nx)[£|k||^(n) + (^)- 1 h||! 2( o ;( i»x)] ! (6-29) 

for every e > 0. Thus, based on this and Poincare's inequality, we eventually obtain, by taking e > 
sufficiently small, and M (introduced in the beginning of the proof) sufficiently large, that 

Re(ov,,(«,«))>C||u||^ (tl j, «6C M (!1). (6.30) 

Hence, 

Re(o v ,»(«,tt)) >C\\u\\ 2 HHn) , ueH 2 (n), (6.31) 

by the density of Cq°(H) in Hq(Q). Thus, the form (|6.27l) is coercive and hence, the problem (|6.24l) is 
well-posed whenever z G C has Re(z) < —M. 

We now wish to extend this type of conclusion to a larger set of z's. With this in mind, set 

A V:Z := (-A + V)(-A + V-zI Q ) G B(H 2 {n),H- 2 (n)), z G C. (6.32) 

The well-posedness of f|6 . 24[) is equivalent to the fact that the above operator is invertible. In this vein, we 
note that if we fix zq G C with Re(zo) < —M, then, from what we have shown so far, 

4 o eB(r 2 (fl),ff 2 (n)) (6.33) 

is a well-defined operator. For an arbitrary z G C we then write 

A v ,z = A VtZa [I H 2 (n) +B VtS ], (6.34) 

where ijyg(n) is t ne identity operator on H 2 (Q) and we have set 

B v,z ■= A v ^ o (A v , z - A V , Z0 ) = (z - z)A-]j-A + V) G B^flftfi)). (6.35) 

Since C 3 z H> By iZ G B(H 2 (Q)^J is an analytic, compact operator-valued mapping, which vanishes for 
z = zq, the Analytic Fredholm Theorem yields the existence of an exceptional, discrete set An C C, without 
any finite accumulation points such that 

(Ihi^+Bv^)- 1 eB{H 2 (n)), zeC\A n . (6.36) 

As a consequence of this, (|6.33p . and (I6.34[) , we therefore have 

Ay] z G B(H- 2 {n),H 2 (n)), zeC\A n . (6.37) 

We now proceed to show that, in fact, Aq C (0, oo). To justify this inclusion, we observe that 

Ay lZ in (|6.32[) is a Fredholm operator, with Fredholm index zero, for every z G C, (6.38) 

due to (|6.33p . (|6.34p . and (|6.35p . Thus, if for some z G C the operator Ay tZ fails to be invertible, then there 
exists O^uG L 2 {Q,; d n x) such that Ay >z u = 0. In view of (I6.32p and Lemma RTTl the latter condition forces 



SPECTRAL THEORY FOR PERTURBED KREIN LAPLACIANS 



31 



z G (0, oo). Thus, An consists of positive numbers. At this stage, it remains to justify the very last claim in 
the statement of the lemma. This, however, readily follows from (|6.38p . completing the proof. □ 

Theorem 6.5. Assume Hypothesis 15 -21 and recall the exceptional set An C (0, oo) from Lemma \6Al which 
is discrete with only accumulation point at infinity. Then 

a(H KtQ ) = A fi U {0}. (6.39) 

Furthermore, for every O^zd C\Aq, the action of the resolvent (Hk,si — zIq) -1 on an arbitrary element 
f G L 2 (0; d n x) can be described as follows: Let v solve 



v G H 2 (n), 

(-A + V)(-A + V-z)v = (-A + V)f G H- 2 {9) 



( 6 - 4 °) 



and consider 

w := z-^i-A + V - z)v - f] € L 2 {il; d n x). (6.41) 

Then 

{H Ki n-zI n )- 1 f = v + w. (6.42) 

Finally, every z G An U {0} is actually an eigenvalue (of finite multiplicity, if nonzero) for the perturbed 
Krein Laplacian, and the essential spectrum of this operator is given by 

o-ess(H K ,n) = {0}. (6.43) 

Proof. Let 0^z£ C\An, fix / G L 2 (tt; d n x), and assume that v, w are as in the statement of the theorem. 
That v (hence also w) is well-defined follows from Lemma T6.4I Set 

u := v + w eH$(n)+{r) G L 2 {VL; d n x) | (-A + V)r) = in ft} 

= ker (t n , v ,o) dom(H maXi u), (6.44) 

by ()5.6|) . Thus, u G doia(H max ^) and tn,v,o u — which force u G dom(iJx.fi)- Furthermore, 

ll"llL 2 (0;d" K ) + \\&u\\L 2 (£l;d»x) < C\\f\\ L 2 [n . dnx) , (6.45) 

for some C = (7(0, V, z) > 0, and 

(-A + V - z)u = (-A + V - z)v + (-A + V - z)w 

= (-A + V - z)v + z-\-A + V - z)[(-A + V-z)v-f] 

= (-A + V - z)v + z -\-A + V)[{-A + V-z)v-f}- [(-A + V-z)v-f] 

= f + + V)(-A + V - z)v - (-A + V)f] = /, (6.46) 

by (|6.40[) . f|6 .41 [) . As a consequence of this analysis, we may conclude that the operator 

H K , n - zla ■ dom(H K , n ) C L 2 (VL; d n x) -> i 2 (0; d n x) (6.47) 

is onto (with norm control), for every z G C\(Aq U {0}). When z G C\(An U {0}) the last part in Lemma 
16.41 together with Theorem 16 . 2 1 also yield that the operator (|6.47j) is injective. Together, these considerations 
prove that 

o-(H K , n ) C An U {0}. (6.48) 



Since the converse inclusion also follows from the last part in Lemma 16.41 together with Theorem l6.2[ equality 
(|6.39[) follows. Formula (|6.42p . along with the final conclusion in the statement of the theorem, is also implicit 
in the above analysis plus the fact that ker(iJ^-.n) is infinite-dimensional (cf. (|2.46[) and [130] ). □ 

7. Eigenvalue Estimates for the Perturbed Krein Laplacian 

The aim of this section is to study in greater detail the nature of the spectrum of the operator Hk,u- 
We split the discussion into two separate cases, dealing with the situation when the potential V is as in 
Hypothesis 13.71 (Subsection ED) , and when V = (Subsection 17.21) . 
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7.1. The Perturbed Case. Given a domain il as in Hypothesis 14.71 and a potential V as in Hypothesis 
13.71 we recall the exceptional set Aq C (0, oo) associated with ft as in Section [51 consisting of numbers 

< \k,ci,i < ^K,n,2 < • ■ < ^K,n,j < ^K,nj+i < • • • (7.1) 

converging to infinity. Above, we have displayed the A's according to their (geometric) multiplicity which 
equals the dimension of the kernel of the (Fredholm) operator (|6.32|) . 

Lemma 7.1. Assume Hypothesis 15.21 Then there exists a family of functions {ujjjeN with the following 
properties: 

Uj £H$(Q) and (-A + Vfuj = Xr^-A + V)^, j G N, (7.2) 
((-A + V)u j ,(-A + V)u k )mn;dn x )=S j ,k, j'.fceN, (7.3) 

OO 

u = J2((-& + V)u,(-A + V)u j ) L 2 i n ; dn x )U j , u&H 2 {n), (7.4) 

2=1 

with convergence in H 2 (fl). 

Proof. Consider the vector space and inner product 

H v --=H$(ri), [u,v]u v := [ d n x(-A + V)u(-A + V)v, u,ven V - (7.5) 

Jq 

We claim that (Hy, [• , ~]hv) ^ s a Hilbert space. This readily follows as soon as we show that 

HU=(n) <C\\(-A + V)u\\ L 2 {Q . d n x) , u€H$(Sl), (7.6) 
for some finite constant C — C(0, V) > 0. To justify this, observe that for every u G Cg°(r2) we have 

2 



/ d»x|u| a <c£; / 





du 




In 


dxj 



2=1 

= /^|A^, (7.7) 



n 



where we have used Poincare's inequality in the first two steps. Based on this, the fact that V is bounded, 
and the density of C^°(0) in H^fl) we therefore have 

||«llfl*(n) < 0(\\(-A + V)u\\ L 2 (n . d n x) + Hulli^n;^)), u G H 2 (fl), (7.8) 

for some finite constant C = C(f2, V) > 0. Hence, the operator 

— A + V € B(Hq(H), L 2 (fl; (Px)) (7.9) 

is bounded from below modulo compact operators, since the embedding H^fl) L 2 (VL;d n x) is compact. 
Hence, it follows that (|7.9[) has closed range. Since this operator is also one-to-one (as g" o^-Hz^n)), estimate 
(|7.6p follows from the Open Mapping Theorem. This shows that 

Hv = Hq(£1) as Banach spaces, with equivalence of norms. (7-10) 

Next, we recall from the proof of Lemma [7x41 that the operator f|6 .32[) is invertible for A G C\Aq (cf. (|6.37p ). 
and that Aq C (0, oo). Taking A = this shows that 

(-A + V)- 2 := ((-A + V) 2 )- 1 G B(H- 2 (n), H 2 {il)) (7.11) 

is well-defined. Furthermore, this operator is self-adjoint (viewed as a linear, bounded operator mapping a 
Banach space into its dual, cf. (|2.ip ). Consider now 

B := -(-A + Vy 2 (-A + V). (7.12) 

Since B admits the factorization 

-A+V „ . „ -(-A+V)- 2 

b ■. H%(n) > L 2 (n-,d n x) 4 H- 2 (n) > H$(n), (7.13) 

where the middle arrow is a compact inclusion, it follows that 

B G B{T-Lv) is compact and injective. (7-14) 
In addition, for every u,v G Co°(f2) we have via repeated integrations by parts 

[Bu, v] Hv = -((-A + V)(-A + V)- 2 (~A + V)u, (-A + V)v) L2(n . dnx) 
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= -((-A + V)-\-A + V)u, (-A + Vfv) L2{n . dnx) 
= -((-A + V)u, (-A + V)-*(-A + Vfv) LHn . dnx) 
= -((-A + V)u, v) L 2 [n . dnx) 

= -(V U ,V W ) (i2(a; ^)), - (V^V^v)^.^. (7.15) 
Consequently, by symmetry, [Bu,v\u v = [Bv,u]h v , u , v £ Co°(f2) and hence, 



[Bu,v]u v = [Bv,u]-H V u,v e Hy, (7.16) 

since Cg°(fi) ^ H v densely. Thus, 

S £ Boo(Hv) is self-adjoint and injective. (7.17) 

To continue, we recall the operator Ay,\ from (|6 .32[) and observe that 

{-A + V)- 2 A V , Z =I Hv ~zB, zeC, (7.18) 

as operators in B(Hq(VL)} . Thus, the spectrum of B consists (including multiplicities) precisely of the 

reciprocals of those numbers z £ C for which the operator Ay. z £ B[Hq{Q), H~ 2 (il)^) fails to be invertiblc. 
In other words, the spectrum of B £ B(Hy) is given by 

a(B) = i;A K ,, ; : l } je ®. (7.19) 

Now, from the spectral theory of compact, self-adjoint (injective) operators on Hilbert spaces (cf., e.g., [128, 
Theorem 2.36]), it follows that there exists a family of functions {ujjjgN for which 

Uj £ Hv and Buj = (A; x . ; .,i V. j £ N, (7.20) 

[uj : u k ] Hv =S jtk , j,keN, (7.21) 



E 



u, Uj] Uv Uj, u £ Hv, (7.22) 



with convergence in Hy. Unraveling notation, (|7.2[) - (|7.4p then readily follow from (I7.20p - (|7.22[) . □ 

Remark 7.2. We note that Lemma 1 7 . 1 1 gives the orthogonality of the eigenfunctions Uj in terms of the inner 
product for Hv (cf. (17.31) and (17.51) . or see (|7.21j) immediately above). Here we remark that the given inner 
product for Wy does not correspond to the inner product that has traditionally been used in treating the 
buckling problem for a clamped plate, even after specializing to the case V = 0. The traditional inner 
product in that case is the Dirichlet inner product, defined by 

D(u,v) = j d n x(\7u, V«)c», B^effJP. ( 7 - 23 ) 



n 



where (•, denotes the usual inner product for elements of C™, conjugate linear in its first entry, linear 
in its second. When the potential V ^ is included, the appropriate generalization of D(u,v) is the inner 
product 

D v (u,v) = D(u,v)+ ( d n xVuv, u,v £ H^(Q) (7.24) 



n 



(we recall that throughout this paper V is assumed nonnegative, and hence that this inner product gives rise 
to a well-defined norm). Here we observe that orthogonality of the eigenfunctions of the buckling problem 
in the sense of Wy is entirely equivalent to their orthogonality in the sense of Dy(-, •): Indeed, starting from 
the orthogonality in (|7.2ip . integrating by parts, and using the eigenvalue equation (|7.2I) . one has, for j ^ k, 



0= [u h u k }n v = / d n x{-A + V)u 3 (-A + V)u k = / d n xuj (-A + Vfuk 



X k / d n xuj{-A + V)u k = A fe 



D(uj,Uk)+ / d n xVujUk 



= X k D v (u j ,u k ), u,veH 2 {n), (7.25) 

where Afe is shorthand for Xx.n.k of (|7.1j) . the eigenvalue corresponding to the eigenfunction u k (cf. (|7.2[) . 
which exhibits the eigenvalue equation for the eigenpair (uj,Xj)). Since all the Aj's considered here are 
positive (see l|7.ip ). this shows that the family of eigenfunctions {ujjjgN, orthogonal with respect to [•, -]« v , 
is also orthogonal with respect to the "generalized Dirichlet inner product", Dy(-, ■). Clearly, this argument 
can also be reversed (since all eigenvalues are positive), and one sees that a family of eigenfunctions of the 
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generalized buckling problem orthogonal in the sense of the Dirichlet inner product -Dy(-, •) is also orthogonal 
with respect to the inner product for Hv, that is, with respect to [•, -]% v . On the other hand, it should be 
mentioned that the normalization of each of the Uk 's changes if one passes from one of these inner products 
to the other, due to the factor of encountered above (specifically, one has [uk,Uk]-H v = ^-k Dv(uk,Uk) for 
each fc). 

Next, we recall the following result (which provides a slight variation of the case V = treated in [82]). 
Lemma 7.3. Assume Hypothesis 15. 21 Then the subspace (— A + V) Hq (fl) is closed in L 2 (fl;d n x) and 

L 2 {Q; d n x) = ker(iT y , max>n ) © [(-A + V) H 2 {Q)] , (7.26) 

as an orthogonal direct sum. 

Our next theorem shows that there exists a countable family of orthonormal eigenfunctions for the per- 
turbed Krein Laplacian which span the orthogonal complement of the kernel of this operator: 

Theorem 7.4. Assume Hypothesis 15.21 Then there exists a family of functions {wj}j g N with the following 
properties: 

wj E dom(H K: n) n H 1/2 (tt) and H K &Wj = X K ,u,jWj, \ic,n,j > 0, j € N, (7.27) 
(wj,w k ) L 2 (n . dnx) = 6j. k , j,k g N, (7.28) 



L (fl:d n x) = ker(_ff^si) lin. span{u>j}j e N (orthogonal direct sum). (7.29) 

Proof. That wj 6 _ff 1//2 (£7), j <E N, follows from Proposition I6.3l (z). The rest is a direct consequence of 
Lemma 17731 the fact that 



ker(#y, max , n ) = {u g L 2 {tt; d n x) | (-A + V)u = 0} = ker{H K ,n), (7.30) 
the second part of Theorem 16.21 and Lemma [77T1 in which we set wj := (—A + V)v,j, j 6 M. □ 
Next, we define the following Rayleigh quotient 

: = ijV^jja + ' °^ u ^ H o(^)- (7-31) 

Then the following min-max principle holds: 
Proposition 7.5. Assume Hvvothesis 15.21 Then 

^K,n,j = min I max %,!)[«] , j g N. (7.32) 

Wj subspace ofH^(U) VO^UgWj / 

dim(W,-)=j 

As a consequence, given two domains fl, 51 as in Hypothesis 14.71 for which C and given a potential 
<V e L°°(h), one has 

A K ,, , • A*.,,.,. jgN, (7.33) 

where V :— V\q, and Xk,q,] o-nd X K ^ j, j G N, are the eigenvalues corresponding to the Krein-von Neumann 
extensions associated with f2, V and f2, V, respectively. 

Proof. Obviously, (|7.33|) is a consequence of (|7.32[) . so we will concentrate on the latter. We recall the 
Hilbert space T-Ly from (|7.5p and the orthogonal family {itj}j 6 N in (|7.20p - (|7.22l) . Next, consider the following 
subspaces of Hv, 

V := {0}, Vj := lin. spanjw, | 1 < i < j}, j G N. (7.34) 

Finally, set 

V/- :={ueU | [u, Ui] nv = 0, 1 < i < j}, j g N. (7.35) 

We claim that 

^K,nj = min ifo o [u] = ifc.n [%] , j'eN. (7.36) 



Indeed, if j g N and it = 53fc=i c fe u fc £ is then = whenever 1 < fc < j — 1. Consequently, 

2 

2 (0;d"x) _ "' ' X ' 



-A + V>||£ 2 



k=j 



J2ck{-A + V)u k =I]|cfc| 2 (7-37) 



SPECTRAL THEORY FOR PERTURBED KREIN LAPLACIANS 



35 



by so that 

HVull^e,;*-*))- + \\V 1/2 u\\h in . d n x) = ((-A + V)u,u) L 2 (n . dnx) 

■ OO >. 

. k —j J L 2 (Sl;d"x) 

oo \ 

^(A A -,o,fe)" 1 c fe (-A + Vfu kl u ) 
k=j J L^n-.d^x) 



^(AK,o.fe)" 1 c fe (-A + (-A + V)i 

OO OO \ 

^(A A -,o,fe)" 1 c fe (-A + V)u k , c fc (-A + V>* J 

k=j k=j ' L 2 {n-d^x) 



DC 



= X)( A *A*) _1 l c *l a ^ S |cfe|2 

= (A^O'^K-A + Vjulli^Q.^), (7.38) 

where in the third step we have relied on (|7.2[) , and the last step is based on (|7.37[) . Thus, Rk,q[u) > ^K,n,j 
with equality if u = Uj (cf. the calculation leading up to (16.41) ). This proves (|7.36[) . In fact, the same type 
of argument as the one just performed also shows that 

h<,n,j = max R K ,n[u] = R K ,a[uj], j € N. (7.39) 

Next, we claim that if Wj is an arbitrary subspace of % of dimension j then 

Ak,oj < max fljcnM, j € N. (7.40) 

To justify this inequality, observe that Wj O VjZi 7^ {0} by dimensional considerations. Hence, if ^ Vj <E 
Wj n VjLi then 

Aa-.Qj = min Rk,Q,[u] < RKfl[vj] < max fl^fifu], (7-41) 

establishing ([7^40]) . Now formula (f7T32|) readily follows from this and (|7T39| . □ 
If 17 C R™ is a bounded Lipschitz domain denote by 

< Xd,q,i < ^D,n,2 < • • • < ^D,n,j < A^nj+i < • • • (7.42) 

the collection of eigenvalues for the perturbed Dirichlet Laplacian Ho,n (again, listed according to their 
multiplicity). Then, if < V £ L°°(il; d n x), we have the well-known formula (cf., e.g., [S5] for the case 
where V = 0) 



A 



D,n,j = mm 

Wj subspace c 

dim(W J )=J 



f max fl£,,n[iA j e N, (7.43) 



where -Rr^nM) the Rayleigh quotient for the perturbed Dirichlet Laplacian, is given by 

ll^ u ll(L 2 (n;d"a;))" + II 1 1 L 2 - , tt1 . 

i? D ,fi[tt]:= I, 2 — ^ (7-44) 

\\ U \\L 2 (n:d"x) 

From Theorem 12.91 Theorem I3.8[ and Proposition 14. 101 we already know that, granted Hypothesis 15.21 the 
nonzero eigenvalues of the perturbed Krein Laplacian are at least as large as the corresponding eigenvalues 
of the perturbed Dirichlet Laplacian. It is nonetheless of interest to provide a direct, analytical proof of this 
result. We do so in the proposition below. 

Proposition 7.6. Assume Hvvothesis \5.'2[ Then 

< X D ,n tj < \K,n,j, j'eN. (7.45) 
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Proof. By the density of Cq°(Q,) into Hq(SI) and H^(Q), respectively, we obtain from (|7.32[) and (17.431) that 

X K ,n,j = inf ( sup RK,n[u]), (7.46) 

Wj -ukpac, of Cg°(f!) V Q^uGWi ' 



dim(W 3 )=j 



Ad.oj- = mf 

Wj subsp.cc of cg°(n) v o/«eWj 
dim (Wj)=j 



( sup i? 0l nH), (7.47) 



for every j <E N. Since, if u £ Cq°(Q), 

l|Vu||^ w „ a))n + \\V 1,2 Ah ( n^ x ) = ((~ A + V)u,u) L 2 {n . d n x) 

< \\(-A + V)u\\ L 2 in . d n x) \\u\\ L 2 in . d n x) , (7.48) 

we deduce that 

R D ,n[u] < R K ,n[u], whenever 0^u€ C^{Q). (7.49) 
With this at hand, (I7^5j) follows from (f7^Sl) - fT47|) . □ 

Remark 7.7. Another analytical approach to (|7.45l) which highlights the connection between the perturbed 
Krein Laplacian and a fourth-order boundary problem is as follows. Granted Hypotheses 13.11 and 13.71 and 
given A € C, consider the following eigenvalue problem 

u e dom(-A maa; ,si), (-A + V)u G dom(-A maa;i f2), 
(-A + Vfu = A (-A + V)u in Q, 

%(u) = in (N^idfl))*, (7 ' 50) 
%{{-A + V)u) =0 in (V/ 2 (<9ft))*. 
Associated with it is the sesquilinear form 

'a v .A ■ , •) : U X U — > C, H:= H 2 (il) n i^), 

o v>A («, «) := ((-A + V)u, (-A + V)v) L , {n . dnx) + (V 1 / 2 ^ V^ 2 v) L2(m) (7.51) 

-A(Vu, Vu)( L 2(( !;d » a .))n, u,veH, 

which has the property that 

u satisfies ay^fi, u) = for every v e % if and only if u solves (|7.50[) . (7.52) 

We note that since the operator —A + V : H 2 (n) n Hq(Q.) — > L 2 (f!,; d n x) is an isomorphism, it follows that 
u i— >• || (— A + V)w||i2(n. ( £n ;r; -j is an equivalent norm on the Banach space W, and the form ay,x( • , • ) is coercive 
if A < — M , where M = M(f2, V) > is a sufficiently large constant. Based on this and proceeding as in 
Section [6j it can then be shown that the problem (|7.50|) has nontrivial solutions if and only if A belongs 
to an exceptional set Aay C (0, oo) which is discrete and only accumulates at infinity. Furthermore, u 
solves (|7.50p if and only if v := (—A + V)u is an eigenfunction for Hd,q, corresponding to the eigenvalue 
A and, conversely, if u is an eigenfunction for Hn,n corresponding to the eigenvalue A, then u solves (|7.50[) . 
Consequently, the problem (I7.50[) is spectrally equivalent to Hd : u- From this, it follows that the eigenvalues 
{AD,n,j}jeN of Hr),n can be expressed as 



Az3,n,j = min 

Wj subspaci 

dim(Wj)=j 



( max R K .n[u}), j € N, (7.53) 



where the Rayleigh quotient Rk,q[u] is as in (|7.31l) . The upshot of this representation is that it immediately 
yields (ffT35]> . on account of ([7321 and the fact that H$(to) C U. 

Next, let fl be as in Hypothesis O and < V G d n x). For A S R set 

N x ,n(X) ■= #{j e N | A w < A}, X e {D, K}, (7.54) 
where #S denotes the cardinality of the set S. 
Corollary 7.8. Assume Hvvothesis \5.2[ Then 

N Ki n(X) < N D , n (X), Ael. (7.55) 

In particular, 

N K>n (X) = 0{X n/2 ) as A -> oo. (7.56) 
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Proof. Estimate f|7. 55[) is a trivial consequence of (|7.45l) . whereas (I7.56|) follows from (|7.42p and Weyl's 
asymptotic formula for the Dirichlet Laplacian in a Lipschitz domain (cf. |36j and the references therein for 
very general results of this nature) . □ 

7.2. The Unperturbed Case. What we have proved in Section [5] and Section I7TT1 shows that all known 
eigenvalue estimates for the (standard) buckling problem 

uEHo{Q), A 2 « = -AA« in O, (7.57) 

valid in the class of domains described in Hypothesis 14.71 automatically hold, in the same format, for the 
Krein Laplacian (corresponding to V = 0). For example, we have the following result with A^ nj -, j G N, 

denoting the nonzero eigenvalues of the Krein Laplacian — Ak,q and X^q a, j 6 N, denoting the eigenvalues 
of the Dirichlet Laplacian —Ad o: 

Theorem 7.9. If Q C R n is as in Hypothesis 14.71 the nonzero eigenvalues of the Krein Laplacian — Ak,q 
satisfy 

(0) rt 2 + 8n + 20 (Q) 
A K,n,2 ^ — + — a k,u,d (t.5&) 

n . 

E X k] W <(n + 4)A^ iX - —^(^,2 ~ *& t i) < (» + *) A %,i> (7-59) 

3=1 



E (A^ >fe+1 - Ag nj ) a < ^±^E ( A Su + i - ^,o,)A^,,, * € N, ,7,,U, 

3=1 3=1 



Furthermore, if jt n -2)/2,i * s the first positive zero of the Bess el function of first kind and order (n — 2)/2 (c/. 
[U Sect. 9.5]), w„ denotes the volume of the unit ball in K™, and |0| stands for the n-dimensional Euclidean 
volume of f2, i/ien 

2 J(n-2)/2,l^" (Q) (0) 

l^pT^ < a d,q,2 ^ A K,n,v \'- bL > 

Proof. With the eigenvalues of the buckling plate problem replacing the corresponding eigenvalues of the 
Krein Laplacian, estimates (|7.58l) - (|7.60p have been proved in [24], [25], [26], [56], and [99] (indeed, further 
strengthenings of (|7.59[) are detailed in [25], [26]), whereas the respective parts of (]7.61[) are covered by 
results in [TUS] and [135] (see also [35], gSj). □ 

Remark 7.10. Given the physical interpretation of the first eigenvalue for (|7.57[) . it follows that A2V> i, the 
first nonzero eigenvalue for the Krein Laplacian —Ak,ci, is proportional to the load compression at which 
the plate (assumed to be as in Hypothesis I4.7[) buckles. In this connection, it is worth remembering the 
long-standing conjecture of Polya-Szego, to the effect that amongst all plates of a given area, the circular 
one will buckle first (assuming all relevant physical parameters being equal) . In [28] , the authors have given 
a partial result in this direction which, in terms of the first eigenvalue A^ n i f° r the Krein Laplacian -A^o 
in a domain ft as in Hypothesis 14.71 reads 

q2/71 -2 2/n 

(o) z V-aya^ _ A (o) (7 ^ 

where is the n-dimensional ball with the same volume as fi, and 

c„-2 2 /"[j ( „_ 2)Al /j„ /2 , 1 ] 2 = l-(4-log4)/n + 0(n- 5 / 3 )^l as n -> oo. (7.63) 
This result implies an earlier inequality of Bramble and Payne 43 for the two-dimensional case, which reads 



\(0) 27TJq j 

A ™ > Area(fi)" (7 ' 64) 



Before stating an interesting universal inequality concerning the ratio of the first (nonzero) Dirichlet and 
Krein Laplacian eigenvalues for a bounded domain with boundary of nonnegative Gaussian mean curvature 
(which includes, obviously, the case of a bounded convex domain), we recall a well-known result due to 
Babuska and Vyborny [3T] concerning domain continuity of Dirichlet eigenvalues (see also [ST], [52], [57] . 
[73] . [154] . |169j . and the literature cited therein): 
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Theorem 7.11. Let £1 C K.™ be open and bounded, and suppose that Q m C fi, m S N, are open and 
monotone increasing toward Q, that is, 

tt m c O m+ i cO,m6N, |J O m = O. (7.65) 

In addition, let —Ar)^n m and — A/^si ^ e ^ e Dirichlet Laplacians in L 2 (Q m ;d n x) and L 2 (Q,; d n x) (cf. Q3.47p . 
P-53p ), and denote their respective spectra by 

a(-A D ,a m ) = {^]n m J jef v ™ E N, and a(-A D , Q ) = {\<£] Q j } j& . (7.66) 
Then, for each j E N, 

Jim A^ mJ = A^,. (7.67) 

111— fOO TTl U ) J 

Theorem 7.12. Assume that f2 C R" is a bounded quasi-convex domain. In addition, assume there exists 
a sequence of C°° -smooth domains {f2 m } mg N satisfying the following two conditions: 
(i) The sequence {f2 m } me N monotonically converges to f2 from inside, that is, 

ft m c n m+ i C Ct, m e N, (J O m = O. (7.68) 

(ii) If Q m denotes the Gaussian mean curvature of d£l m , then 

G m > for all m E N. (7.69) 
Then the first Dirichlet eigenvalue and the first nonzero eigenvalue for the Krein Laplacian in 51 satisfy 

v (o) 

1 < -t¥^ < 4. (7.70) 



A K,Q,1 

A D.n,i 



In particular, each bounded convex domain SI C R™ satisfies conditions (i) and (ii) and hence (|7.70|) holds 
for such domains. 

Proof. Of course, the lower bound in (|7.70[) is contained in (|7.45[) , so we will concentrate on establishing the 
upper bound. To this end, we recall that it is possible to approximate Jl with a sequence of C°°-smootli 
bounded domains satisfying (|7.68|) and (|7.69[) . By Theorem 17.111 the Dirichlet eigenvalues are continuous 
under the domain perturbations described in (|7.68j) and one obtains, in particular, 

li? Ag; nm ,i = X n,n,v ( 7 - 71 ) 

On the other hand, (|7.33j) yields that l < 1 . Together with (|7.71|) . this shows that it suffices to 

prove that 

Summarizing, it suffices to show that 

fi C 1" a bounded, C°°-smooth domain, whose Gaussian mean 

(o) (o) (7.73) 

curvature Q of dil is nonnegative, implies X K n 1 < 4A^, n 1 . 

Thus, we fix a bounded, C°° domain ft C M.™ with Q > on dfl and denote by u\ the (unique, up to 

normalization) first eigenfunction for the Dirichlet Laplacian in Q. In the sequel, we abbreviate Ap :— i 

and X K := A^ n v Then (cf. [S5J Theorems 8.13 and 8.38]), 

ui £ C°°(0), ui|an = 0, m > in fl, -Am = X D ui in fl, (7.74) 

and 

a d = Jn r Tn ' | 7.75 

In addition, (17.36)) (with j — 1) and u\ as a "trial function" yields 

Ld n x\A(u 2 )\ 2 

X K < 4^ — L ' ' . 7.76 

In d n x | V(wf ) | 2 

Then (|7.73|) follows as soon as one shows that the right-hand side of (|7.76[) is less than or equal to the 
quadruple of the right-hand side of (|7.75[) . For bounded, smooth, convex domains in the plane (i.e., for 
n = 2), such an estimate was established in |136) . For the convenience of the reader, below we review 
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Payne's ingenious proof, primarily to make sure that it continues to hold in much the same format for our 
more general class of domains and in all space dimensions (in the process, we also shed more light on some 
less explicit steps in Payne's original proof, including the realization that the key hypothesis is not convexity 
of the domain, but rather nonnegativity of the Gaussian mean curvature Q of its boundary) . To get started, 
we expand 

(AK))2 =4 [ A | )U 4_ 2AdU 2| Vui |2 + | Vui |4] 5 | V ( W 2 ) | 2 = 4 U f| V«l | 2 , (7.77) 
and use (|7.76|) to write 

2 / f Q d n xuj \ ( f Q d n x\Vu l \ 4 \ 

Xk ~ Xd {j n d"xul\V Ul \2 )- 2Xd+ {j n d-xul\\7u^ ) ■ (778) 

Next, observe that based on (|7.74[) and the Divergence Theorem we may write 

f d n x[3ul\V Ul \ 2 - \ D u*] = [ d n x [3u?|Vt*i| a + u?A Ul ] = f d"a;div(u?Vui) 
Jn Jn 1 Jn 

n—X. , _ , 3 « 



d n - l u)ufd u u 1 = 0, (7.79) 

'an 

where v is the outward unit normal to dfl, and c£ n-1 cj denotes the induced surface measure on dQ,. This 
shows that the coefficient of \ 2 D in (17.78)) is SA^ 1 , so that 

X K <X D+ 0, where 6 := -^1_L—1_ . (7.80) 

We begin to estimate 9 by writing 

f d n x\Vu 1 \ i = [ d n x{\7u 1 )-{\\7u 1 \ 2 \7u 1 ) = - [ d n xu 1 div(\Vu 1 \ 2 \7u 1 ) 
Jn Jn Jn 

= - I d n x [( Ul Vui) • (V|Vmi| 2 ) - \oul\Vui\ 2 ], (7.81) 
Jn 



so that 

J n d n x(u 1 Wu 1 )-{V\Vu 1 \ 2 ) 



(7.82) 



j^d n xu\\Vu l \ 2 

To continue, one observes that because of (|7.74l) and the classical Hopf lemma (cf. [85l Lemma 3.4]) one has 
d v u\ > on <9f2. Thus, |Vui| ^ at points in fi near <90. This allows one to conclude that 

v = — — 1 , near and on dfl. (7.83) 
|Vui| 

By a standard result from differential geometry (see, for example, [BH P- 142]) 

div(i/) = {n-l)Q on dQ, (7.84) 

where Q denotes the mean curvature of dil. 

To proceed further, we introduce the following notations for the second derivative matrix, or Hessian, of 
u\ and its norm: 

}2„, \ / « \ 1/2 



(7.85) 



Hess( Ul ) := ( , |Hess( Ul )| := ( V |fl J ^« 1 | 2> ) 
\dxjdxk J \< jtk < n J 

Relatively brief and straightforward computations (cf. [1091 Theorem 2.2.14]) then yield 
div W = -S fi, i(|V^[) = iV^rM-Atix + ^HessCtii)!/)] 

= |Vui| _1 (z/,Hess(ui)i/) on dfl (7.86) 

(since — Aui = \u\ = on dil), 



J,k=l 

-|Viti| _1 (i/,Hess(ui)^) + |Vui|~ 1 \v\ 2 (y, Hess(ui)^) 
0, (7.87) 
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and finally, by ([7755]) . 

n n 
j,k=l j,k=l 

= -2|Vui|{v,Hess(iti)i/) = -2|V?ii| 2 div(^) 

= -2(n- l)a|Vuj| 2 < on dn, (7.88) 

given our assumption Q > 0. 
Next, we compute 

/ d n x [|V(|Vui| 2 )| 2 - 2X D |Vui| 4 + 2|VMi| 2 |Hess(ui)| 2 ] 
Jn 

= [ d n xdiv{\Vu l \ 2 V{\Vu 1 \ 2 )) = [ tT-W- (|Vmi| 2 V(|Vwi| 2 )) 
Jn Jan 

= [ (f-^lVml^dVuil 2 ) < 0, (7.89) 
Jon 

since d v {\Vu\\ 2 ) < on 9f2 by (|7.88l) . As a consequence, 

2\ D [ d n x\V Ul \ 4 > [ d n x [|V(|Vui| 2 )| 2 + 2|Vui| 2 |Hess( Ul )| 2 ]. (7.90) 
Jn Jn 

Now, simple algebra shows that |V(|Vwi| 2 )| 2 < 4 |Vui| 2 |Hess(iti)| 2 which, when combined with (|7.90[) . yields 

d n x\V Ul \ 4 > ( d n x\\7{\\7 Ul \ 2 )\ 2 . (7.91) 



4A 



D 



3 

Let us now return to (|7.81[) and rewrite this equality as 

/ d n x\Vu 1 \ i = - I d n x( Ul Vui) ■ (V|Vwi| 2 - AduiVui). (7.92) 
Jn Jn 

An application of the Cauchy-Schwarz inequality then yields 



/ d n x\Vu 1 \ 4 ] <([ d n xu 2 \X7u 1 \ 2 \ ( [ d n x\\7\\7 Ul \ 2 - X DUl \7u 
Jn J \Jn J \Jn 

By expanding the last integrand and recalling the definition of 6 we then arrive at 



(7.93) 



, Ld n x(u 1 Vu 1 ) • (V|V Ul | 2 )\ f Ld n x\V(\Vu 1 \ 2 )\' 2 , 



J Q d n xul\Vu 1 \ 2 J \ J Q d n xu 2 \Vu 1 \ 
Upon recalling (|7.82p and (|7.91l) . this becomes 

e 2 < \ 2 D 2X D (X D -6) + ^6= -\ 2 D + ™±°9. (7.95) 

In turn, this forces 8 < 3A^> hence, ultimately, \k < 4Ad due to this estimate and (|7.80l) . This establishes 
(|7.73[) and completes the proof of the theorem. □ 

Remark 7.13. (i) The upper bound in (|7.70p for two-dimensional smooth, convex C°° domains f2 is due to 
Payne [136] in 1960. He notes that the proof carries over without difficulty to dimensions n > 2 in |137l 
p. 464]. In addition, one can avoid assuming smoothness in his proof by using smooth approximations f2 m , 
m e N, of as discussed in our proof. Of course, Payne did not consider the eigenvalues of the Krein 
Laplacian —A^.n, instead, he compared the first eigenvalue of the fixed membrane problem and the first 
eigenvalue of the problem of the buckling of a clamped plate. 

(ii) By thinking of Hess(wi) represented in terms of an orthonormal basis for W l that contains v, one sees 
that (f7T86|) yields 



div(i^) 



t) 



1 d 2 u\ ( du\\ 1 d 2 u\ 



(7.96) 



dv 2 V dv J dv 2 

(the latter because dui/dv < on dtt by our convention on the sign of u\ (see (|7.74|) )). and thus 

?T = -(n-l)6^»ien. (7-97) 

For a different but related argument leading to this same result, see Ashbaugh and Levine [5^1 pp. 1-8, 1-9]. 
Aviles [30], Payne |135j . |136j . and Levine and Weinberger |118) all use similar arguments as well. 
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(iii) We note that Payne's basic result here, when done in n dimensions, holds for smooth domains having 
a boundary which is everywhere of nonnegative mean curvature. In addition, Levine and Weinberger |118) . 
in the context of a related problem, consider nonsmooth domains for the nonnegative mean curvature case 
and a variety of cases intermediate between that and the convex case (including the convex case) . 

(iv) Payne's argument (and the constant 4 in Theorem I7.12[) would appear to be sharp, with any infinite 
slab in M. n bounded by parallel hyperplanes being a saturating case (in a limiting sense). We note that such 
a slab is essentially one-dimensional, and that, up to normalization, the first Dirichlet eigenfunction u\ for 
the interval [0, a] (with a > 0) is 

u\{x) = sin(7ra;/a) with eigenvalue A = 7r 2 /a 2 , (7.98) 

while the corresponding first buckling eigenfunction and eigenvalue are 

ux(x) 2 = sin 2 (7nr/a) = [1 - cos(27ra;/a)]/2 and 4A = 4?r 2 /a 2 . (7.99) 

Thus, Payne's choice of the trial function u 2 , where u\ is the first Dirichlet eigenfunction should be optimal 
for this limiting case, implying that the bound 4 is best possible. Payne, too, made observations about 
the equality case of his inequality, and observed that the infinite strip saturates it in 2 dimensions. His 
supporting arguments are via tracing the case of equality through the inequalities in his proof, which also 
yields interesting insights. 

Remark 7.14. The eigenvalues corresponding to the buckling of a two-dimensional square plate, clamped 
along its boundary, have been analyzed numerically by several authors (see, e.g., [8], [9], and [42]). All these 
results can now be naturally reinterpreted in the context of the Krein Laplacian — A/f,n m the case where 
fi = (0, l) 2 C K 2 . Lower bounds for the first k buckling problem eigenvalues were discussed in [117] , The 
existence of convex domains f2, for which the first eigenfunction of the problem of a clamped plate and the 
problem of the buckling of a clamped plate possesses a change of sign, was established in [107j . Relations 
between an eigenvalue problem governing the behavior of an elastic medium and the buckling problem were 
studied in [100] . Buckling eigenvalues as a function of the elasticity constant are investigated in [103] . 
Finally, spectral properties of linear operator pencils A — XB with discrete spectra, and basis properties of 
the corresponding eigenvectors, applicable to differential operators, were discussed, for instance, in [139] . 
[158j (see also the references cited therein). 

Formula (|7.56|) suggests the issue of deriving a Weyl asymptotic formula for the perturbed Krein Laplacian 
Hk,ci ■ This is the topic of our next section. 



8. Weyl Asymptotics for the Perturbed Krein Laplacian in Nonsmooth Domains 

We begin by recording a very useful result due to V.A. Kozlov which, for the convenience of the reader, 
we state here in more generality than is actually required for our purposes. To set the stage, let f2 C K™, 
n ^ 2, be a bounded Lipschitz domain. In addition, assume that m > r > are two fixed integers and set 

r] := 2(m — r) > Q. (8.1) 

Let W be a closed subspace in H m {Vt) such that H™(Q) C W. On W, consider the symmetric forms 

a(u,v):= J3 / d n xa a ^(x)(dl 3 u)(x)(d a v)(x) 1 u,v€W, (8.2) 

0<H,|,3|<rn ° 

and 

b(u,v):= I d n xb a ^(x)(d> 3 u){x)(d a v)(x), u,v€W. (8.3) 

Q<\a\,\/3\^r n 

Suppose that the leading coefficients in a( • , • ) and b( ■ , • ) are Lipschitz functions, while the coefficients 
of all lower-order terms are bounded, measurable functions in Q. Furthermore, assume that the following 
coercivity, nondegeneracy, and nonnegativity conditions hold: For some Co £ (0,oo), 



a(u,u)^C \\u\\ 2 Hmm , ueW, (8.4) 

53 b a Ax)t a+P ¥=0, xgH, C^O, (8.5) 

\a\=\P\=r 

b(u,u)^Q, ueW. (8.6) 
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Under the above assumptions, W can be regarded as a Hilbert space when equipped with the inner product 
a( ■ , • ). Next, consider the operator T G B(W) uniquely defined by the requirement that 

a(u, Tv) = b(u, v), u,v e W. (8.7) 

Then the operator T is compact, nonnegative and self- adjoint on W (when the latter is viewed as a Hilbert 
space). Going further, denote by 

< • • • < n j+ i(T) < H (T) < ■ ■ ■ < fix(T), (8.8) 

the eigenvalues of T listed according to their multiplicity, and set 

N(X; W, a, b) := # {j G N | fij(T) > A -1 }, A > 0. (8.9) 

The following Weyl asymptotic formula is a particular case of a slightly more general result which can be 
found in [T05] . 

Theorem 8.1. Assume Hypothesis 13.11 and retain the above notation and assumptions on a( ■ , • ), b( ■ , • ), 
W, and T. In addition, we recall (18.11) . Then the distribution function of the spectrum of T introduced in 
(|8.9|) satisfies the asymptotic formula 



N(X; W, a, b) = w oAn X n ^ + O^"^ 1 / 2 ))/") as A -> oo, (8.10) 
where, with dio n ^\ denoting the surface measure on the unit sphere S*™ -1 — {£ £ M™ | |^| = 1} in R™. 




u a ,b,n ■= / d n x ( / du n -i (^) 

l?l=i 



(8.11) 



Various related results can be found in |104j . |106j . After this preamble, we are in a position to state and 
prove the main result of this section: 



Theorem 8.2. Assume Hypothesis 15.21 In addition, we recall that 

A r K,n(A) = #{ieN|A ic ,nj < A}, AeR, (8.12) 

where the (strictly) positive eigenvalues {Aif,n,j}jeN of the perturbed Krein Laplacian Hk,u are enumerated 
as in (|7.ip (according to their multiplicities) . Then the following Weyl asymptotic formula holds: 

N KiQ (X) = (27r)- n «n|n| A" /2 + 0(A (n - (1/2))/2 ) as A ^ oo, (8.13) 

where, as before, v n denotes the volume of the unit ball in K ra , and \Q\ stands for the n-dimensional Euclidean 
volume of f2. 

Proof. Set W := Hq(H) and consider the symmetric forms 



a(u,v) := / d n x(-A + V)u(-A + V)v, u,veW, (8.14) 



b(u,v):= / d n xVu-Vv+ / d^y^^y 1 / 2 )), u,ugW, (8.15) 



for which conditions (|8.4[) - (|8.6p (with m — 2) are verified (cf. (I7.6P ). Next, we recall the operator (—A + 
V)- 2 := ((-A + V) 2 )- 1 £ B(H- 2 (n),H^(n)) from ([7TT]) along with the operator 

BeBoo(W), Bu := -(-A + V)- 2 (-A + V)u, u£W, (8.16) 

from (|7.13p . Then, in the current notation, formula (|7.15l) reads a(Bu,v) = b(u,v) for every u,v € C£°(£l). 
Hence, by density, 

a(Bu, v) = b(u, v), u, v £ W. (8.17) 

This shows that actually B — T, the operator originally introduced in (|8.7p . In particular, T is one-to-one. 
Consequently, Tu = fi u for u £ W and ^ ^ e C, if and only if u G i?o(^) satisfies (-A + y)^ 2 (-A + U)u = 
fiu, that is, (—A + V) 2 u = /i _1 (— A + V)u. Hence, the eigenvalues of T are precisely the reciprocals of 
the eigenvalues of the buckling clamped plate problem (|6.6p . Having established this, formula (|8 . 1 3[) then 
follows from Theorem 16.51 and (|8.10l) . upon observing that in our case m = 2, r = 1 (hence n = 2) and 
WaAfi - (2n)- n v n \n\. □ 
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Incidentally, Theorem l8.2l and Theorem 16.51 show that, granted Hypothesis [521 a Weyl asymptotic formula 
holds in the case of the (perturbed) buckling problem (|6.1I) . For smoother domains and potentials, this is 
covered by Grubb's results in |89) . In the smooth context, a sharpening of the remainder has been announced 
in |129j without proof. 

In the case where ft C M 2 is a bounded domain with a C°°-boundary and < V £ C°°(ft), a more precise 
form of the error term in (|8 . 1 3p was obtained in [89] where Grubb has shown that 

N K n (A) = A + 0(\ 2/3 ) as A -> oo, (8.18) 

In fact, in [59], Grubb deals with the Weyl asymptotic for the Krein-von Neumann extension of a general 
strongly elliptic, formally self-adjoint differential operator of arbitrary order, provided both its coefficients 
as well as the the underlying domain ft C 1™ (n > 2) are C°°-smooth. In the special case where ft equals 
the open ball B n (0; R), R > 0, in E™, and when V = 0, it turns out that (|8.13l) . (18. 18)) can be further refined 
to 

N KB ni o-M)( X ) = {^r n v 2 n R n \ n/2 - (2^)-("- 1 ) U „_ 1 [(n/4)«„ + «„-i]i?"- 1 A("- 1 )/ 2 

+ ( A («-2)/2) ag A ^ OQ; ( 8 _ 19 ) 

for every n > 2. This will be the object of the final Section [TU] (cf. Proposition 110.11) . 

9. A Class of Domains for which the Krein and Dirichlet Laplacians Coincide 



Motivated by the special example where ft = R \{0} and S = — A(7=o(r2\{ }), in which case one can show 
the interesting fact that Sf = Sk (cf. [12], [T3l Ch. 1.5], [76], and Subsections 110.31 and I10.4[) and hence the 
nonnegative self-adjoint extension of S is unique, the aim of this section is to present a class of (nonempty, 
proper) open sets ft = M. n \K, K C K" compact and subject to a vanishing Bessel capacity condition, with 
the property that the Friedrichs and Krein-von Neumann extensions of — A in L 2 (Cl; d n x), coincide. 

To the best of our knowledge, the case where the set K differs from a single point is without precedent and 
so the following results for more general sets K appear to be new. 

We start by making some definitions and discussing some preliminary results, of independent interest. 
Given an arbitrary open set VL C K", n > 2, we consider three realizations of —A as unbounded operators 
in L 2 (CI; d n x) , with domains given by (cf. Subsection 13.21) 

dom(-A maX! n) := {u £ L 2 (n ; d n x) \ Au £ L 2 (Vl;d n x)}, (9.1) 
dom(-A An ) := {« G H^(fl) \ Au £ L 2 (Cl;d n x)}, (9.2) 
dom(-A c ,o) :=C °°(r!). (9.3) 

Lemma 9.1. For any open, nonempty subset Q C K" 7 n > 1, the following statements hold: 
(i) One has 

(-A Cj0 )* = -A max , n . (9.4) 
(ii) The Friedrichs extension of — A Cj q is given by 

(-A c . n ) F - -A D , n . (9.5) 
(Hi) The Krein-von Neumann extension of — A c q has the domain 

dom((-A C! o)x) = {u £ dom(-A maXj n) | there exists {uj} jeN £ C£°(n) (9.6) 
with lim || Ait,- — Au\\ L 2/ n -d" X ) —0 and {Vw,},eN Cauchy in L 2 (fl;d n x) n \ . 

(iv) One has 

ker((-A c ^) K ) = {u £ L 2 (Q;(Tx) \ Au = in Cl}, (9.7) 

and 

ker((-A C) n)i.) = {0}. (9.8) 

Proof. Formula (|9.4I) follows in a straightforward fashion, by unraveling definitions, whereas (|9.5p is a direct 
consequence of (12.141) or (j2 . 19[) (compare also with Proposition [4T0]). Next, (|9.6[) is readily implied by (|2.20[) 
and ([Q]l . In addition, ([577)1 is easily derived from ([2~T2]) . ([974]) and ([97T]) . Finally, consider ([978]) . In a first 
stage, ([975]) and ([972]) yield that 

ker((-A c ,n)F) = {u G H^(Cl) \ Au = in ft}, (9.9) 
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so the goal is to show that the latter space is trivial. To this end, pick a function u € Hq(£1) which is 
harmonic in Q, and observe that this forces V« = in Q. Now, with tilde denoting the extension by zero 
outside f2, we have u £ and V(u) = Vu. In turn, this entails that u is a constant function in 

L 2 (R; d n x) and hence u = in O, establishing (|9^8)l . □ 

Next, we record some useful capacity results. For an authoritative extensive discussion on this topic see 
the monographs [3], |123j . j!57j . and [174] . We denote by B ay2 (E) the Bessel capacity of order a > of a 
set Bel". When K C M. n is a compact set, this is denned by 

B a<2 (K) := inf {||/||| 2(K „. d „ x) | g a * f > 1 on K, f > 0}, (9.10) 

where the Bessel kernel g a is defined as the function whose Fourier transform is given by 

£;(£) = (27r)-"/ 2 (l + |£| 2 r Q/2 , (9.11) 

When O C R™ is open, we define 

B a . 2 (0) := sup {B aa (K) \K dO, K compact }, (9.12) 

and, finally, when E C M n is an arbitrary set, 

B a , 2 (E) := inf {S a , 2 (0) O D E, O open}. (9.13) 

In addition, denote by T~L k the /c-dimensional HausdorfF measure on W 1 , < k < n. Finally, a compact subset 
K C M. n is said to be L 2 -removable for the Laplacian provided every bounded, open neighborhood O of K 
has the property that 

{there exists u £ L 2 (0; d n x) so that 
J A~ n • /n ( 9 - 14 ) 
u = u and Au = in 0. v y 

Proposition 9.2. For a > 0, k £N, n > 2 and E C K™, i/ie following properties are valid: 

{%) A compact set K C M n is L 2 -removable for the Laplacian if and only if B 2 ^{K) = 0. 
(zi) Assume that Q C K n is an open set and that K <Z Q is a closed set. Then the space (fl\K) 

is dense in H k (fl) (i.e., one has the natural identification Hq(Q.) = Hq(CI\K)), if and only if 

B kt2 (K)=0. 

(Hi) If 2a < n and T-L n ~ 2a (E) < +oo then B a _ 2 (E) = 0. Conversely, if 2a < n and B a ^(E) = then 

H n - 2a+£ (E) = for every e > 0. 
(iv) Whenever 2a > n then there exists C = C(a, n) > such that B a ^(E) > C provided E ^ 0. 

See, [3J Corollary 3.3.4], [1231 Theorem 3], [Ml Theorem 2.6.16 and Remark 2.6.15], respectively. For 
other useful removability criteria the interested reader may wish to consult [55], |122j . [145] . and [160 . 
The first main result of this section is then the following: 

Theorem 9.3. Assume that K C K. n , n > 3, is a compact set with the property that 

B 2 ,2(K) = 0. (9.15) 

Define Q := R n \K . Then, in the domain fl, the Friedrichs and Krein-von Neumann extensions of —A, 
initially considered on Cq°(Q,) ) coincide, that is, 

(-Acn)F = (-A c ,n)«r. (9.16) 
As a consequence, — A|c°°(f2) has a unique nonnegative self-adjoint extension in L 2 (il;d n x). 

Proof. We note that (|9.15[) implies that K has zero n-dimensional Lebesgue measure, so that L 2 (tt; d n x) = 
L 2 (W l ;d n x). In addition, by (Hi) in Proposition 19.21 we also have B\ :2 (K) = 0. Now, if u € dom(— A Cj n)if , 
(|9.6j) entails that u £ L 2 (il; d n x), Au £ L 2 (fl; d n x), and that there exists a sequence Uj £ Cq°(D,), j £ N, for 
which 

Auj — > Au in L 2 (Q;d n x) as j — > oo, and {VttjjjgN is Cauchy in L 2 (Q; d n x). (9-17) 
In view of the well-known estimate (cf. the Corollary on p. 56 of |123j ). 

\\v\\^ { M^ x )<C n \\Vv\\ L , {R n. d n x) , «£C °°(E"), (9.18) 

where 2* := (2n)/(n — 2), the last condition in (|9.17j) implies that there exists w £ 1? (M. n ;d n x) with the 
property that 

u-j -> w in L 2 '(R n ;d n x) and Vuj -> Vw in L 2 (W L ;d n x) as j -> oo. (9.19) 
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Furthermore, by the first convergence in (I9.17|) . we also have that Aw = Au in the sense of distributions in 
51. In particular, the function 

f :=w-ueL 2 *(R n ;d n x)+L 2 (R n ;d n x) ^ tf oc (R n ; d n x) (9.20) 

satisfies Af = in 51 = M. n \K. Granted (|9.15[) . Proposition 19.21 yields that K is L 2 -removable for the 
Laplacian, so we may conclude that Af — in R". With this at hand, Liouville's theorem then ensures 
that / = in R n . This forces u = w a.s distributions in 51 and hence, Vw = Vw distributionally in 51. In 
view of the last condition in (|9.19[) we may therefore conclude that u G H 1 (R n ) = Hq(W 1 ). With this at 
hand, Proposition 19.21 yields that u 6 Hq(H). This proves that dom(— A Cj q)#- C dom(— A Ci h)_f and hence, 
(— A Ci q)k Q (— A c ^n)_F- Since both operators in question are self-adjoint, (|9.16[) follows. □ 

We emphasize that equality of the Friedrichs and Krein Laplacians necessarily requires that fact that 
inf(<r((— A C) {})f)) = inf(<r((— A Ci n)ir)) = 0, and hence rules out the case of bounded domains 51 C M", 
n G N (for which inf(cr((-A C)fi ) F )) > 0). 

Corollary 9.4. Assume that K c K n , n > 4, is a compact set with finite (n — 4) -dimensional Hausdorff 
measure, that is, 

H n - 4 (K) < +oo. (9.21) 
Then, with 51 :— M. n \K, one has (— A c> n)i? = (— A C) n)i£-, hence, — A\cg°(n) has a unique nonnegative 
self-adjoint extension in L 2 (£l]d n x). 



Proof. This is a direct consequence of Proposition 19.21 and Theorem 19.31 □ 

In closing, we wish to remark that, as a trivial particular case of the above corollary, formula f|9 . holds 
for the punctured space 

51 := M™\{0}, n>4, (9.22) 
however, this fact is also clear from the well-known fact that — A|c<»(]j»\{o}) is essentially self-adjoint in 
L 2 (R n ; d n x) if (and only if) n > 4 (cf., e.g., [1441 p. 161], and our discussion concerning the Bessel operator 
(|10.99[) ). In (76l Example 4.9] (see also our discussion in Subsection 10.3), it has been shown (by using 
different methods) that (|9.16|) continues to hold for the choice ()9.22|) when n = 2, but that the Friedrichs 
and Krein-von Neumann extensions of —A, initially considered on C^°(r2) with 51 as in (|9.22p . are different 
when n = 3. 

In light of Theorem 19.31 a natural question is whether the coincidence of the Friedrichs and Krein-von 
Neumann extensions of —A, initially defined on Cq°(CI) for some open set 57 C K™, actually implies that the 
complement of 57 has zero Bessel capacity of order two. Below, under some mild background assumptions 
on the domain in question, we shall establish this type of converse result. Specifically, we now prove the 
following fact: 

Theorem 9.5. Assume that K C R n , n > 4, is a compact set of zero n-dimensional Lebesgue measure, and 
set 51 := R n \K. Then 

(-A c>n ) F = (-A c ,nk implies B ifl {K) = 0. (9.23) 

Proof. Let K be as in the statement of the theorem. In particular, L 2 (51; d n x) = L 2 (R n ;d n x). Hence, 
granted that (— A c> n)if = (—A c ^)f, in view of (|9.7|) . (|9.8|) this yields 

{u e L 2 (R n ; d n x) | A u = in R n \K) = {0}. (9.24) 

It is useful to think of (I9.24j) as a capacitary condition. More precisely, (|9.24l) implies that Cap(i^) = 0, 
where 

Cap(if) :=sup{| e - (Rn) (AM, 1} £(R „)| | ||u||z,2 (K ». d „ x ) < 1 and supp(Au) C K). (9.25) 
Above, 8(M. n ) is the space of smooth functions in R n equipped with the usual Frechet topology, which ensures 
that its dual, £'(R n ), is the space of compactly supported distributions in R n . At this stage, we recall the 
fundamental solution for the Laplacian in R n , n > 3, that is, 

^^ := 2(2-n)wV a ' X£RUm ^ 
(r(-) the classical Gamma function [TJ Sect. 6.1]), and introduce a related capacity, namely 

Ca P ,(X) := sup{| f , (R n)</, l) £(Rn) | | / g £'(R n ), supp(/) C K, \\E n * f\\ L ^ n , dnx) < 1}. (9.27) 

Then 

< Cap, (if) < C&p(K) = (9.28) 
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so that Cap^(K) = 0. With this at hand, |94[ Theorem 1.5 (a)] (here we make use of the fact that n > 4) 
then allows us to strengthen (|9.24l) to 

{u e Lf oc (M. n ;d n x) | Aw = in R n \K} = {0}. (9.29) 

Next, we follow the argument used in the proof of [124| Lemma 5.5] and [3l Theorem 2.7.4]. Reasoning by 
contradiction, assume that B>2.2(K) > 0. Then there exists a nonzero, positive measure fi supported in K 
such that 52 * A 1 £ L 2 (R n ). Since g2(x) — c n E n (x) + o(|:c| 2 ~") as |x| — > (cf. the discussion in Section 1.2.4 
of [3]) this further implies that E n L 2 oc (R n ; d n x). However, E n * /j is a harmonic function in R n \K, 

which is not identically zero since 

lim \x\ n - 2 (E n * n)(x) = c n /i(K) > 0, (9.30) 

x— >oo 

so this contradicts (j9T29|) . This shows that B 2 ,2(K) = 0. □ 

Theorems I9.3H9.5I readily generalize to other types of elliptic operators (including higher-order systems) . 
For example, using the polyharmonic operator (— A) e , £ £ N, as a prototype, we have the following result: 

Theorem 9.6. Fix £ £ N, n > 2£ + 1, and assume that K C R" is a compact set of zero n-dimensional 
Lebesgue measure. Define Q := WL n \K. Then, in the domain fi, the Friedrichs and Krein-von Neumann 
extensions of the polyharmonic operator (— A) e , initially considered on C^°(ft), coincide if and only if 
B n ,2{K) = 0. 

For some related results in the punctured space fi := K™\{0}, see also the recent article [3]. Moreover, we 
mention that in the case of the Bessel operator h u = (—d 2 /dr 2 ) + (v 2 — (l/4))r~ 2 defined on C^°((0, oo)), 
equality of the Friedrichs and Krein extension of h v in L 2 ((0, oo); dr) if and only if v = has been established 
in |120) . (The sufficiency of the condition v = was established earlier in [73].) 

While this section focused on differential operators, we conclude with a very brief remark on half-line 
Jacobi, that is, tridiagonal (and hence, second-order finite difference) operators: As discussed in depth by 
Simon |152j . the Friedrichs and Krein-von Neumann extensions of a minimally defined symmetric half- line 
Jacobi operator (cf. also [45]) coincide, if and only if the associated Stieltjes moment problem is determinate 
(i.e., has a unique solution) while the corresponding Hamburger moment problem is indeterminate (and 
hence has uncountably many solutions). 

10. Examples 

10.1. The Case of a Bounded Interval (a, b), — oo < a < b < oo, V — 0. We briefly recall the essence of 
the one-dimensional example ft — (a, b), —oo < a < b < oo, and V = 0. This was first discussed in detail by 
03] and [7J Sect. 2.3] (see also [751 Sect. 3.3]). 

Consider the minimal operator — A min j a b \ in L 2 ((a,b); dx), given by 



A 



min,(a,b) " 



u e dom(-A mm:(Qib) ) = {d£ L 2 ((a, b); dx) \ v, v' € AC([a, b]); (10.1) 



v(a) = v'(a) = v(b) = v'(b) = 0; v" £ L 2 ((a, b); dx)}, 
where AC ([a, b]) denotes the set of absolutely continuous functions on [a, b]. Evidently, 



and one can show that 

In addition, one infers that 

where 





d 2 

dx 2 


Cg°((a,fe)) 




- a)] 2 I L -2(( a fi). dx ) 


( ^min,(a,b) ) 


-A 


max, (a, b) j 



(10.2) 

(10.3) 
(10.4) 



A 



max,(a,b) 



U = —u 



u e dom(-A maa; , (a , fc) ) = {v E L 2 ((a,b);dx) \ v,v' 6 AC([a,b]); v" G L 2 ((a, b); dx)} . (10.5) 
In particular, 

def(-A roin) ( Q)6 )) = (2,2) and kcr((-A mmi(ajb ))*) = lin. span{l, x}. (10.6) 
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The Friedrichs (equivalently, the Dirichlet) extension -A D („ ^ of — A min i a>b -\ is then given by 

u G dom(-A D , (a , 6 )) = L 2 ((a,b);dx) \ v,v' G AC([a,b]); (10.7) 
v(a) = v{b) = 0; v" e L 2 ((a,b);dx)}. 

In addition, 

a(-A D>(aib) ) = {j 2 n 2 (b - a)- 2 } jeN , (10.8) 

and 

dom((-A D:(Q ^ ) ) 1 / 2 ) = {v £ L 2 ((a,b);dx) \ v G AC([a,6]); w(a) = = 0; v' G L 2 ((a, 6); dx)}. (10.9) 
By ((233, 

dom(-A K! ( aife) ) = dom(-A minj(a>fe) ) + ker((-A TOin)(0)6) )*), (10.10) 
and hence any u G dom(— Ax,(o,i>)) is of the type 

— o \ 

u = f + v, f e dom(-A mirli („,(,)), = u(a) + [u(6) - u(a)] ( — — \, x e (a, 6), (10.11) 

in particular, f(a) = f'(a) = f(b) = /'(&) = 0. Thus, the Krein-von Neumann extension —A K ( a ^ of 
b) is given by 

u G dom(-A A ^ (a . b) ) = {v G L 2 ((a, b); dx) \ v,v' G AC([a, &]); (10.12) 
i/(a) = u'(6) = [w(6) - v(a)]/(b - a); «" G L 2 ((a, 6); dx)}. 

Using the characterization of all self-adjoint extensions of general Sturm-Liouville operators in 170, Theorem 
13.14] , one can also directly verify that — A A ^ a b ) as given by (|10.12p is a self- adjoint extension of — A m ^ n ^ a b ) . 
In connection with (110.11) . (|10.5[) . (|10.7I) . and (|10.12p . we also note that the well-known fact that 

v, v" G L 2 ((a, b);dx) implies v' G L 2 ((a, b);dx). (10.13) 

Utilizing (I10.13[) . we briefly consider the quadratic form associated with the Krein Laplacian —A K ^ ab y 
By (pO^I) and (|2"^L3"1) . one infers, 

dom ((-A Jfi(o , 6 j) 1 /3) = dom ((-A^,,) 1 / 2 ) + ker((-A min , (ct , 6) )*), (10.14) 

lli-Ax^) 1 / 2 ^ + g)\\ L2(iabydx) = \\(-&D,(a,b)) 1/2 u\\ L 2 i{a>b y idx) 

= ((u + g)', (u + g)')m(a,b)-dx) - [g(b)g'(b) - g{a)g'{a)] 

= ((« + #)', {u + g)')L*((a,b);dx) - \[u(b) +g(b)] - [u(a) + g{a)} \ 2 /(b - a), 

u G dom ((-A D ^ b) ) 1/2 ), g G kex((-A min)(a)6) )*). (10.15) 

Finally, we turn to the spectrum of —A K ( a b y The boundary conditions in (|10.12p lead to two kinds of 
(nonnormalized) eigenfunctions and eigenvalue equations 



(10.16) 



ip(k,x) =cos(fc(x- [(a + 6)/2])), fcsin(fc(6 - a)/2) =0, 
kK,(a.b),j = U + - a ), 3 = 1) 3,5, ... , 

and 

(f>(k,x) = sm(k{x - [(a + b)/2])), k(b-a)/2 = tan(fc(6 - a)/2), 

k K,(a,b)fl = 0, J7T < fcK,( ,6),j < 0' + j = 2, 4, 6, 8, . . . , (10.17) 

lim [k K){a , b)>2i - {(21 + 1)tt/(6 - a))] = 0. 

The associated eigenvalues of — Ax,( Q ,&) a re thus given by 

o(-A KAa . h) ) = {0} U {k 2 Kt{atb]tj } jem (10.18) 

where the eigenvalue of — A A ( Qb ) is of multiplicity two, but the remaining nonzero eigenvalues of — Ax,( a ,&) 
are all simple. 
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10.2. The Case of the Ball B n (0;R), R > 0, in MP, n > 2, V = 0. In this subsection, we consider in 
great detail the scenario when the domain Q equals a ball of radius R > (for convenience, centered at the 
origin) in R™ - , 

= B n (0; R) C R", R > 0, n > 2. (10.19) 

Since both the domain B n (Q; R) in (|10.19p . as well as the Laplacian —A are invariant under rotations in M n 
centered at the origin, we will employ the (angular momentum) decomposition of L 2 (B n (0; R); d n x) into the 
direct sum of tensor products 

L 2 (B n (0; R);d n x) = L 2 ((Q, R); r^dr) ® L 2 {S^ 1 ; dw n _i) = H n , U o,n), (10.20) 

n nM0>R) = L 2 ((0, Ry^-Hr) ® K n/ , £eN ,n>2, (10.21) 

where S 11 ^ 1 = dB n (Q; 1) = {x G M n \ \x\ = 1} denotes the (n — l)-dimensional unit sphere in W 1 , du> n -i repre- 
sents the surface measure on S n , n > 2, and lC n ^ denoting the eigenspace of the Laplace-Beltrami operator 
— Ajn-i in L 2 (S n ~ 1 ; duj n -i) corresponding to the £ih eigenvalue K n> i of — Ag»-i counting multiplicity, 

K n ,t =£(i + n-2), 

, /v . s (2^ + n-2)r(£ + n-2) , „ (10.22) 
dim(/C M )= l f ^ TT j f |— - > :=d n , e , i€N Q ,n>2 

(cf. |132l p. 4]). In other words, JC n ,i is spanned by the n-dimensional spherical harmonics of degree £ £ No. 
For more details in this connection we refer to [1441 App. to Sect. X.l] and |170l Ch. 18]. 
As a result, the minimal Laplacian in L 2 (B n (0; R);d n x) can be decomposed as follows 

- A miTljBn (o;fl) = -A| C ~(B n (0;fl)) = H n},min ® / K„,«, 

feNo (10.23) 
dom(-A mi „, ]Bn ( 0;fl )) = H$(B n (0;R)), 

where mm in L 2 ((0, i?); r'^Mr) are given by 



^L^-{-^-~ + ! ¥) . ^N . (10.24) 

C~((0,fl)) 



dr 2 r dr 



Using the unitary operator [/„ defined by 

Ji 2 ((0,i?);r«- 1 dr)^i 2 ((0,i?);dr), 

\ 0^([/^)(r)=r(»- 1 )/ 2 0(r), ( " ^ 

it will also be convenient to consider the unitary transformation of min given by 

<U„ = U n H { °l min U-\ feN , (10.26) 



where 



(0) _ d 2 (n-l)(n-3) 
"n.O.nwn _ rfr 2 + 4r 2 , u <. f <. -rt, 

dom « 0imi „) = {/ G L 2 ((0, R);dr) | /, /' G AC([e, R]) for all e > 0; 

f(R-) = f'(R-) = 0, f = 0; (10.27) 
(-/" + [(« - l)(n - 3)/4]r- 2 /) G L 2 ((0, i?); rfr)} for n = 2, 3, 
(0) _ d 2 4K n ,f + (n-l)(n-3) 

n n,l,min ^ dr 2 + 4r 2 , U ^ r < it, 

d ° m = U e i 2 ((0, JZ); dr) | /, /' G AC([e, #]) for all e > 0; 

/(#_) = j%R_)=0; (10.28) 

(-/" + [«n^ + ((n - l)(n - 3)/4)]r- 2 /) G i 2 ((0, i?); dr)} 
for £ G N, n > 2 and £ = 0, n > 4. 
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In particular, for i G N, n > 2, and £ = 0, n > 4, one obtains 

(10.29) 



■(0) 
n,£.min 



f d 2 


4/t n ^ + (n-l)(n-3)\ 






4r 2 J 


C o °°((0,R)) 




for I G N, n > 2, and £ = 


0, n > 4. 



On the other hand, for n = 2, 3, the domain of the closure of min | coo ^ Q R ^ is strictly contained in that 
of dom (h^ min ) , and in this case one obtains for 



h {0) 

n.O.min 



d 2 (n-l)(n-3) 
dr 2 4r 2 



, n = 2,3, (10.30) 

C °°((o,.R)) 



that 

frl u n = — ^ + — — ^ — — , < r < i?, 



s (0 ) _ d 2 (n-l)(n-3) 



°n,0,min ^2 1 4r 2 

:(o) 



dom (^, ; 0>roin ) = {/ G i 2 ((0, i?); dr) | /, /' € AC([e, i?]) for all e > 0; 

/(iZ_) = /'(#_) = 0, f = ft = 0; (10.31) 
(-/" + [(n - l)(n - 3)/4]r- 2 /) G L 2 ((0, iZ); dr)}. 
Here we used the abbreviations (cf. [50] for details) 

'lim^ohr^ln^)]- 1 /^), n = 2, 
_/(0+), n = 3, 

'lim^or- 1 / 2 !/^) +/or i/ 2 ln(r)], n = 2, 
/'(0+), n = 3. 



fo = 



(10.32) 



We also recall the adjoints of min which are given by 

l ra n,0,mmj ~ ^2 + 4? ,2 , U < r <. it, 

dom ((CL»)*) = {/ e i 2 ((0,J2);dr-) I /,/' G AC([ £)J R])for all e > 0; (10.33) 

fo = 0; (-/" + [(n - l)(n - 3)/4]r- 2 /) G L 2 ((0, dr)} for » = 2, 3, 
r ,(0) x»_ rf2 , 4« n ,f + (w-l)(n-3) n , r , /? 

l"«,£,minj - d? ,2 + 4r 2 , U < r <. it, 

dom((/^ mm )*) = {/ G L 2 ((0,i?);dr) | /, /' G AC{[e, R]) for all e > 0; (10.34) 

(-/" + [«n,/ + ((n - l)(n - 3)/4)]r- 2 /) G L 2 ((0, fl); dr)} 
for £ G N, n > 2 and i = 0, n > 4. 

In particular, 

<U, = «UJ*' ^No, n>2. (10.35) 
All self-adjoint extensions of min are given by the following one-parameter families hf\ a , a n j G 



{oo}, 

h {0) 

dom (^o,a n0 ) = {/ e £ 2 ((0,i?);dr) | /,/' G AC([e, Ji]) for all e > 0; 



( o) _ d 2 (n-l)(n-3) 

Al n,0,Q„, o - dr 2 + 4r 2 , U <. T < Jt, 



/'(£_) + a n;0 f(R-) = 0, / = 0; (10.36) 
(-/" + [(« - l)(n - 3)/4]r- 2 /) G L 2 ((0, fl); dr)} for n = 2, 3, 



(0) _ _ d 2 4« n ,f + (n-l)(7i-3) 

n n,l,ot ni t - dr 2 + 4r 2 , U < r < it, 



dom (<L„,J = {/ e L 2 ((0, R);dr) | /, /' G AC([e, i?]) for all e > 0; 

f'(R^) + a n/ f(R-)=0; (10.37) 
(-/" + [«n,/ + ((n - l)(n - 3)/4)]r- 2 /) G L 2 ((0, fl); dr)} 
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for I £ N, n > 2 and I = 0, n > 4. 
Here, in obvious notation, the boundary condition for a n _i = oo simply represents the Dirichlet boundary 
condition f(R-) — 0. In particular, the Friedrichs or Dirichlet extension D of min is given by , 
that is, by 

h (Q) - d " i ("- 1 )(^' 3 ) 0<r<R 

n n,0.D - dr 2 + 4r 2 , U ^ r ^ Tt, 

dom (h^ 0D ) = {/ G i 2 ((0, fl); dr) | /, /' G AC(fc R}) for all e > 0; = 0, 

/„ = 0;(-/" + [( n -l)( n -3)/4]r 2 /)eL 2 ((0,JJ);*)} forn = 2,3, (10.38) 
, (0) _ _ d 2 4/t ni< + (n-l)(n-3) 

dom = {/ G L 2 ((0, JZ); dr) | /, /' G AC([e, fl]) for all e > 0; /(£_) = 0; 

(-/" + + ((n - l)(n - 3)/4)]r- 2 /) G i 2 ((0, fl); dr)} 

for £ G N, n > 2 and t = 0, n > 4. (10.39) 

To find the boundary condition for the Krein-von Neumann extension \ K of min , that is, to find the 
corresponding boundary condition parameter a n ,i,K in (|10.36[) . (|10.37|) . we recall (|2.10[) . that is, 

dom(^ ;K ) = dom^W m J + ker((/^J*)- (10.40) 
By inspection, the general solution of 

d 2 4k„^ + (n- l)(n- 3)" 



t// , 2 + " 4r 2 -J^W=0, re(0,4 (10.41) 

is given by 

^{r) = Arl+^-VW + Br-t-^-^W, A,BeC, r£ (0,R). (10.42) 
However, for I > 1, n > 2 and for £ = 0, n > 4, the requirement -0 G L 2 ((0, R); dr) requires B = in (|10.42|) . 
Similarly, also the requirement ipo = (cf. (|10.33j) ) for I = 0, n = 2, 3, enforces £> = in (|10.42p . 
Hence, any u G dom (h ®\ K ) is of the type 

u = f + r,, f G dom(^ mm ), rj(r) = u(i2_y +[(n ~ 1)/2] > r G [0,R), (10.43) 

in particular, f(R_) — /'(iZ_) = 0. Denoting by ot n ,t,K the boundary condition parameter for h^\ K one 
thus computes 

- tw-x = = ! t?t = [ £ + « n - 1 ( 10 - 44 ) 

u{R-) V\R-) 

Thus, the Krein-von Neumann extension \ k °f S°l min 1S gi ven by 



(0) d 2 («-!)(« -3) 

rt n,0,X - rfr 2 + 4r 2 , U < r < Yt, 

dom (^ iJf ) = {/ G L 2 ((0, #); dr) | /, /' G AC([e, JZ]) for all e > 0; 

f'(R-) - [(n - l)/2]fl-V(iJ-) = 0, /o = 0; (10.45) 
(-/" + [(n - l)(n - 3)/4]r- 2 /) G L 2 ((0, R); dr)} for n = 2, 3, 

(0) _ d 2 4K n ,< + (n-l)(ra-3) 
V^-R" ~ dr^ Ir 2 ' 

dom = {/ G L 2 ((0, i?); dr) | /,/' G AC([ £) R\) for all e > 0; 

f(R-) ((n - l)/2)]i?- 1 /( J R_) = 0; (10.46) 

(-/" + [«n,i + ((n - l)(n - 3)/4)]r- 2 /) G L 2 ((0, #); dr)} 
for £ G N, n > 2 and ^ = 0, n > 4. 

Next we briefly turn to the eigenvalues of D and h ®\ K . In analogy to (|10.4ip . the solution tp of 

^ + 4^ + (n-l)(n-3) _ V (rg)=0i ^ 
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satisfying the condition ip(-,z) G L 2 ((0,R);dr) for £ = 0, n > 4 and ip (z) = (cf. (j!0.33|l ) for I = 0, 
n = 2, 3, yields 

V(r, z) - Ar 1 / 2 Jz +[( „-2)/2] (* 1/2 r), A G C, r G (0, i?), (10.48) 
Here </„(•) denotes the Bessel function of the first kind and order v (cf. [1] Sect. 9.1]). Thus, by the boundary 
condition f(R-) — in (|10.38p . (|10.39[) . the eigenvalues of the Dirichlet extension hf\ D are determined by 
the equation z) = 0, and hence by 

Jl+l(n-2)/2](z 1/2 R)=0. (10.49) 

Following [TJ Sect. 9.5], we denote the zeros of </„(•) by jvki k G N, and hence obtain for the spectrum of 

°( h nl D ) = {^ )Afc } keH = {il +[ („-2)/ 2 ], fc ^ 2 } fceN . ^ No, n > 2. (10.50) 
Each eigenvalue of of h ®\ D is simple. 

Similarly, by the boundary condition f(R-) - [I + ((n - l)/2)]iZ _1 /(-H-) = in pHiB]) . (TilHrJj) . the 
eigenvalues of the Krein-von Neumann extension K are determined by the equation 

i>'(R, z)-[£+ ((n - l)/2)]^(i2, z) = -Az 1 / 2 ^ 1 / 2 J £+( „ /2) (z 1 / 2 i?) = (10.51) 
(cf. [TJ eq. (9.1.27)]), and hence by 

z 1/2 J e+{n/2) (z 1 / 2 R)=0. (10.52) 
Thus, one obtains for the spectrum of h ®\ K , 

= <°> U { A S,*,*} fee N = {°} U {ji+(n/2), k R- 2 } keW lem ,n>2. (10.53) 

Again, each eigenvalue of h!^\ K is simple, and r/(r) = Cr i+ ^ n ^ 1 ^ 2 \ C G C, represents the (unnormalized) 

eigenfunction of \ K corresponding to the eigenvalue 0. 
Combining Propositions 12 . 2H2 ,4[ one then obtains 

- A maxA{0 . R) = (-A„ mhBn(0 . R) y = (H { °} mm )* ® i^, (10.54) 

- A A B„ ( o ; fl) = fli°J )J3 ® (10.55) 



A^ B „(0;ii) = Kak ® (10.56) 



where (cf. ([HOB]) ) 



rr(0) 


= ( 


ff (0) \* 

n,£,min) 


r,:v> 


rr(0) 

n n,i,D — 




^ (0) c/ 




rr(0) 

n n,l,K — 




^ (0) [/ 


leN„. 



(0) 

n.l.min 



)*u n , teN , (10.57) 

(10.58) 
(10.59) 
Consequently, 

O-(-Al3, Bn (0;H)) = {\/,D,fe}^ eNo>feeN = {^+[(r l -2)/2],fc i?_2 } £eNo!fceN ' (10.60) 

«7-«(-A ABB(0iJl) ) = 0, (10.61) 
a(-A K , B „ (0;fl) ) = {0} U {A$ iJC|fc } teMo|fc6N = {0} U {i| +( „/ 2) ,^- 2 }, eNoifeeN , (10-62) 
dim(ker(-A ifiBn ( 0;fl ))) = oo, a css (-A K ^ Bn{0 . R) ) = {0}. (10.63) 

By (|10.22[) . each eigenvalue D k , k G N, of — s n (0;H) nas multiplicity and similarly, again by 
(|10.22p . each eigenvalue A„°^ Kfc , fc G N, of — Ax,s„(0;fl) nas multiplicity e?„^. 

Finally, we briefly turn to the Weyl asymptotics for the eigenvalue counting function (|7.54j) associated 
with the Krein Laplacian — Ax,s„(0;ii) f° r the ball B n (0;R), R > 0, in R™, n > 2. We will discuss a 
direct approach to the Weyl asymptotics that is independent of the general treatment presented in Section 
HI Due to the smooth nature of the ball, we will obtain an improvement in the remainder term of the Weyl 
asymptotics of the Krein Laplacian. 
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First we recall the well-known fact that in the case of the Dirichlet Laplacian associated with the ball 
B n (0;R), 

<°k(o ; fl)( A ) = (2ir)- n vlR n \ n / 2 - (2n)-^v n ^ 1 (n/A)v n R n - 1 X {n - 1)/2 

+ 0(\ {n - 2)/2 ) as A -> oo, (10.64) 

with v n = 7r™/ 2 /r((n/2) + 1) the volume of the unit ball in ]R n (and nv n representing the surface area of the 
unit ball in E"). 

Proposition 10.1. The strictly positive eigenvalues of the Krein Laplacian associated with the ball of radius 
R > 0, B n (0;R) C K™, R > 0, n > 2, satisfy the following Weyl-type eigenvalue asymptotics, 

N kL( Q ;R)W = (^r n v 2 n R n X n/2 - (2n)-^- 1 K n . 1 [(n/A)v n + v n ^ 1 }R n - 1 X^- 1 ^ 2 

+ 0(\ (n - 2)/2 ) as A -> oo. (10.65) 

Proof. From the outset one observes that 

A L°U & < X nAK,k < A^ >D)fc+1) £ 6 No, fc e N, (10.66) 

implying 



Next, introducing 



^(A) := the krgeSt " G N SUCh that j ^ R ~ 2 Ael. (10.68) 

0, if no such k > 1 exists, 



we note the well-known monotonicity of j„.fc with respect to ^ (cf. [167[ Sect. 15.6, p. 508]), implying that 
for each A G K (and fixed R > 0), 

A/"„/ (A) < AC (A) for i/' > v > 0. (10.69) 

Then one infers 

<k(0;fi)( A ) = E <t^n/2)-l+eW, <k(0;fl)( A ) = E ( 10 ' 7 °) 

Hence, using the fact that 

dn,t = d n -i,e + dn,l-\ (10.71) 
(cf. (|10.22| ). setting d n ,-\ — 0, n > 2, one computes 

N D,B n (0;R)W = y^. d n,i-lN(n/2)-l+l(X) + E d n-l,£ N{n/2)-l+£ (A) 
- E dn,eN(n/2)+e{X) + E C 'n-l^- A,r ((n-l)/2)-l+£( A ) 

= <k(o ; «)( A ) + (10-72) 



that is, 
Similarly, 



that is, 
and hence, 



<k(0;fl)( A ) < <k(0;K)( A ) + <k- l( 0;«)( A )- (10-73) 

-^D°B„(0;ii)( A ) = ^ A/"( n / 2 )-i+^(A) + ^ dn-l,£ A^(„/2)-l+^(A) 

- E d n ,t-N'(n/2)+e{X) + E dn-l,eJ\f((n-l)/2)+l(X) 
^GN f£N 

= <, W)( A ) + ^k^tOifljW. (10-74) 

<k(0;fl)( A ) > <k(0;fl)( A ) + <W-x(0;*)( A )' (10-75) 
<k- l( 0;«)( A ) < K°k(0;^)( A ) ~ <k(0;«)( A )] < N dL-,(0;R) W- (10-76) 
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Thus, using 

< K°k(o : «)( A ) - <k(o ; «)( A )] < <k-x(o ; *)( A ) = 0( A(n ~ 1)/2 ) as A 00, (10.77) 

one first concludes that [-^d b„(o-ji)( A ) ~ s„(o-i?,)( A )] = O^X^^ 1 ^ 2 ) as A -> oo, and hence using (|10.64|) . 

iY Sk(0;fl)( A ) = (271)-"^^" A"/ 2 + (^(Af"- 1 ^ 2 ) as A ^ oo. (10.78) 

This type of reasoning actually yields a bit more: Dividing (|10.76j) by A^™ -1 -'/ 2 , and using that both, 
N^ Bn _ i(0 . R) (X) and N$ B , 0R) (\) have the same leading asymptotics (2n)-^ n - r >v^_ 1 IU l - 1 X l - n - 1 ^ 2 as 
A — > oo, one infers, using (|10.64[) again, 

N K^B n (0;R)W = N D,B n (Q;R)&) ~ [ N D^B„(0;R)W ~ N K,B n (0;R)W] 

= <k(o*> W - (arJ-^^iT- 1 ^^ + o(A(- 1 )/ 2 ) 
= (2^)-" W 2 i?"A"/ 2 - (27r)-("- 1 ) V „_ 1 [(n/4)«„ + V „_ 1 ] J R"- 1 A("- 1 )/ 2 
+ (A<"- 1 )/ 2 ) as A->oo. (10.79) 

Finally, it is possible to improve the remainder term in (|10.79[) from ofA^™ -1 " 2 ) to 0(A(™~ 2 )/ 2 ) as follows: 
Replacing n by n — 1 in (I10.73[) yields 

<k- l( 0;H)( A ) < <k- 1 (0;«)( A ) + <k- 2 (0;fi)( A )- ( 10 - 80 ) 
Insertion of (|10.80[) into (I10.75|) permits one to eliminate N^ B 1 (q-r) as follows: 



<k(0;«)( A ) ^ <k(0;fi)( A ) + <k- l( 0;il)( A ) - <k- W A )> ( 10 - 81 ) 



implies 



Kk(0;«)( A ) ~ *i>V W A )] ^ <k(0; fl .)( A ) 



(10.82) 



and hence, 



< <k(0;«)( A ) ~ Kk(0;«)( A ) ~ <k- 1 (0;H)( A )] ^ ( A )" ( 10 - 83 ) 

Thus, <^ (0;i?) (A) - K 0) Bn(0;fl) (A) - N^ Bn _ i{Q . R) (X)] = 0(A("- 2 )/ 2 ) as A ^ oo, proving (IEB5). □ 

Due to the smoothness of the domain B n (0;R), the remainder terms in (|10.65l) represent a marked 
improvement over the general result (18. 13)) for domains fi satisfying Hypothesis 15.21 A comparison of the 
second term in the asymptotic relations (|10.64|) and (|10.65p exhibits the difference between Dirichlet and 
Krein-von Neumann eigenvalues. 

10.3. The Case fl = M"\{0}, n = 2,3, V = 0. In this subsection we consider the following minimal 
operator -A mmjRn \ {0} in L 2 (R n ; d n x), n = 2,3, 



- A TOiri)R „\ {0} = -A| C(?o(K „ U0}) > 0, n = 2, 3. (10.84) 

Then 



Hf,m 2 \{o} — Hkm 2 \{o} — -A, 



(10.85) 



dom( J ff FiR 2\ {0} ) = dom(H K ,fp\{o}) = H 2 (R 2 ) if n = 2 
is the unique nonnegative self-adjoint extension of — A min R2\{ y in L 2 (R 2 ;d 2 x) and 
Hf,k.z\{o} = ^D,K 3 \{0} = — ^, 

dom(i7 fiR 3\ {0 }) = dom(if D)R 3\ {0 }) = H 2 (R 3 ) if n = 3, 
ffif, R 3\ {0 } = iW\ {0} = ^"^w+f^©® ^^S+t 7 if » = 3 > ( 10 - 87 ) 



(10.86) 



ten 
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where i?D,iR3\{o} and -Hjv,b 3 \{o} denote the Dirichlet and NeumanrQ extension of — A min>S n\ iq\ in L 2 (R 3 ; d 3 x), 
respectively. Here we used the angular momentum decomposition (cf. also (jl0.20l) . (|10.21j) ). 

L 2 (R n ; d n x) = L 2 ((0, oo); r^dr) ® I?{S n - 1 ; du n - X ) = ^(o.oc), (10.88) 

tGN 

WnA(0,oo) = L 2 ((0, oo); r n - x dr) ® K n , e , i E N , n = 2, 3. (10.89) 
Moreover, we abbreviated M. + = (0, oo) and introduced 



h {0) - -— r > 

,(0) 



d 2 



dom «^ R+ ) = {/ G L 2 ((0, oo); dr) \ f, f G AC([0, #]) for all JZ > 0; (10.90) 

/'(0+) = 0; f" ei 2 ((0,oo);dr)}, 

,(0) + ^ + r>Q 

dom(^°R + ) = {/ G L 2 ((0,oo);dr) | /, /' G AC([Q,R]) for all i? > 0; (10.91) 

- /" + l{l + l)r- 2 f G L 2 ((0, oo); dr)} , I G N. 

The operators /4°k + |c?°°((o,oo))' ^ £ are essentially self-adjoint in £ 2 ((0, oo); dr) (but we note that / G 
dom (/ifg ) implies that /(0+) = 0). In addition, [/ in (I10.87[) denotes the unitary operator, 

. ( L 2 ((0, oo); r 2 dr) -> L 2 ((0, oo); dr), 
\ /(r) H- (Uf)(r) = rf(r). 

As discussed in detail in [7BJ Sects. 4, 5], equations (|10.85[) - (|10.87[) follow from Corollary 4.8 in [75] and the 
facts that 

, , , , f-(2/7r)ln(z) +2i, n = 2, , . 

(u + ,M ffj?a „ X{0} , A r + (2;)u + ) L 2 (K „. (i „ x) = <^ 2 /2 + i ^ = 3 (10.93) 



and 
Here 

and 



(u+,M HK ^ {oyA r + (z)u + ) r ^ R3 . d3x) = i{2/z) 1 ' 2 - 1. (10.94) 

(10.95) 



A/+ = lin. span{w + }, 

u+(a:) =G (i,x,0)/\\G (i,; 0)IU'(B» ; <«»*), ^R"\{0}, n = 2,3 



G (z,x,y) = i 4 , (10.96) 



l^l/(47r|x-y|), ar^j/, n = 3 



denotes the Green's function of —A defined on H 2 (W l ), n = 2,3 (i.e., the integral kernel of the resolvent 
(—A — z)^ 1 ), and H^\-) abbreviates the Hankel function of the first kind and order zero (cf., [I] Sect. 
9.1]). Here the Donoghue-type Weyl-Titchmarsh operators (cf. [53] in the case where dim(A/+) = 1 and [75], 
[75], and [HI] in the general abstract case where dim(A/+) E NU {oo}) MH Fmn y {oy ,Af + and Mh k R nw„}>-A/+ are 
defined according to equation (4.8) in [76]: More precisely, given a self-adjoint extension S of the densely 
defined closed symmetric operator S in a complex separable Hilbert space H, and a closed linear subspace 
N of A/+ = ker(S* - U-h), AA C A/+, the Donoghue-type Weyl-Titchmarsh operator Mg N {z) E B(N) 

associated with the pair {S,M) is defined by 

M § ^(z)=Px(zS + I n )(S-zI n )- 1 Pfs\ M 

= zI M + {l + z 2 )P M {S~zI u y l PM\ u , ZE 
with the identity operator in Af and Pjv the orthogonal projection in H onto A/". 

Equation (|10.93p then immediately follows from repeated use of the identity (the first resolvent equation) , 

d n x'G (z 1 ,x,x')Go(z 2 ,x / ,Q) = {z x - z 2 y 1 [G (z 1 , x, 0) - G (z 2 ,x,G)], 



(10.97) 



lr The Neumann extension ^jve 3 \{0} °^ — ^min,M n \{0}> associated with a Neumann boundary condition, in honor of Carl 
Gottfried Neumann, should of course not be confused with the Krein— von Neumann extension J?xk 3 \{0} °f _ ^min, B"\{0} ■ 
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x ^ 0, z 1 ± z 2 , n = 2,3, (10.98) 

and its limiting case as x — > 0. 

Finally, ()10.94j) follows from the following arguments: First one notices that 

[-(^ 2 ) + ar- 2 ]|c n(0iOo)) (10-99) 

is essentially self-adjoint in L 2 (R + ; dr) if and only if a > 3/4. Hence it suffices to consider the restriction of 
H min ^3\ r i to the centrally symmetric subspace ^3,0,(0,00) °f L 2 (M. 3 ; d 3 x) corresponding to angular momen- 
tum I = in (|10.88p . (|10.89l) . But then it is a well-known fact (cf. [751 Sects. 4,5]) that the Donoghue-type 
Dirichlet m-function (u + , Mh d 5 3 V{0} ,Af+ ( z ) u +)L 2 (R 3 ;d 3 x)> satisfies 

(u + ,M HlDm3K{0} M + (z)u + ) L 2( R 3. d 3 x * ) = (U0,+,M h (o)^^ Mo + {z)uq, + )L 2 (R + ;dr), 

= i{2z) 1/2 + l, (10.100) 

where 

Af ,+ = hn. span{w ,+}, «o,+ (r) = e" 1/2r /[2 Im^ 1 / 2 ] 1 / 2 , r > 0, (10.101) 
and M to) ., (z) denotes the Donoghue-type Dirichlet m-function corresponding to the operator 

^ (0) - -— r > 

n 0,D,R + — ^2 ' ' ^ U ' 

dom (4°d.b + ) = {/ e i2 ((°' 00); dr) I /, /' e AC([0, R]) for all i? > 0; (10.102) 

/(0+) = 0; /"Gi 2 ((0,oo);dr)}, 

Next, turning to the Donoghue-type Neumann m-function given by (u+,Mh nk3 ,, 0} ,N'+( z ) u +)L 2 (M 3 ;d 3 x) one 
obtains analogously to (|10.100[) that 

(u + ,M HNB3 ^ {o} ^ + (z)u + ) L 2 i& 3. d 3 x) = (u 0)+ ,M fe (o^ K tMo + (z)uo,+)L*(M + ;dr), (10.103) 

where M, <o) (2) denotes the Donoghue-type Neumann m-function corresponding to the operator 

/t O,N,B + > A, 0,+ 

h-o%m. + m P0-90|) . The well-known linear fractional transformation relating the operators M h (a) ^ + (#) 
and M (o) (2) (cf. [7SJ Lemmas 5.3, 5.4, Theorem 5.5, and Corollary 5.6]) then yields 

(«o,+, M (o) ^ n ^K+W+^r) = ^(2/z) 1 / 2 - 1, (10.104) 

verifying (|10.94p . 

The fact that the operator T = —A, dom(T) = H 2 (R 2 ) is the unique nonnegative self-adjoint extension 

mm,R 2 \{0} 



of — A mi „ R2\ r i in L 2 (M 2 ; d 2 x) , has been shown in [12] (see also p~3j Ch. 1.5 



10.4. The Case Q = M"\{0}, V = -[(n - 2) 2 /4]|a;|- 2 , n > 2. In our final subsection we briefly consider 
the following minimal operator •H m »n,H , »\{ci} in L 2 (W l ; d n x), n>2, 



H mm ^\ {Q} = (-A-((n-2) 2 /4)\x\- 2 )\ CT(RnX{0}) >0, n>2. (10.105) 
Then, using again the angular momentum decomposition (cf. also (|10.20[) . (|10.21[) ). 

L 2 (m. n ;d n x) = L 2 ((0,oo);r n - 1 dr)<S>L 2 (S n - 1 ;du n - 1 ) = 0H n ,, M , (10.106) 

^eN 

WnA(o,oo) = L 2 ((0, 00); r n - x dr) <g> I e N , n > 2, (10.107) 

one finally obtains that 

H f ,m»\{o } = H KM n X{0} = U^ho^U 8 C/- 1 /i„ / , R+ C/, n > 2, (10.108) 



2 ('Tun - 



is the unique nonnegative self-adjoint extension of iijriin,R n \{o} m i (IR™;c? n x), where 

d 2 1 

V» + = - ^3 , r > 0, 

dom(A ,m + ) = {/ € i 2 ((0, 00); dr) | /, /' € AC([e, i?]) for all < e < R; (10.109) 

fo = 0; (-/" - (l/4)r- 2 /) e i 2 ((0, 00); dr)} , 
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d 2 4K n , e - 1 

= + — ijs— > r>o, 

dom(/i„ AR+ ) = {/ G L 2 ((0,oc);dr) | /, /' € AC([e,R])Sot all < e < R; 

(-/" + [k„,€ - (l/4)]r- 2 /) GL 2 ((0,oo);dr)}, £ G N, n > 2. (10.110) 
Here / in (|10.109|l is defined by (cf. also (|TU32l ) 

/o = lim[-r 1/2 ln(r)] _1 /W- (10.111) 

rj.0 

As in the previous subsection, /in,£,R + |cg°((o,oo))) ^ G N, n > 2, are essentially self-adjoint in L 2 ( (0, oo); dr). 
In addition, fto,E + is the unique nonnegative self-adjoint extension of /io,R + |c£°((o,oo)) 1X1 L 2 ((0,oo);dr). We 
omit further details. 
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